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APPLICATION OF VORTEX DISTRIBUTIONS IN HODELLING 
THE STORAGE OF FRESH WATER IN SALINE AQUIFERS 

by J.H. Peters 1 

ABS'rRACT 

After a short review of vortex-theory it is shown how vortices can 
be used to deal with all kinds of groundwater flow problems that 
are seriously affected by density differences, including salt wa
ter intrusion due to a drop of the groundwater table. 

INTRODUCTION 

As population increases, the need for more water manifests itself. 
In the eastern and southern parts of Holland, the parts of the 
country that are not below mean sea level, the pleistocene uncon
solidated layers are already intensively exploited for drinking 
water purposes. In the western parts one if forced for reasons of 
danger of intrusion to use more and more surface water. With reli
ability of supply being of paramount importance, water storage is 
necessary both to rneet demands in times of drought and to serve as 
an interim supply when accidents on the river or upstream indu
strial plants contaminate the river water. In Holland reservoir 
sites are not numerous. However much unused storage space is al
ready at hand in the aquifers that contain saline water and that 
underlie densely populated as well as isolated areas that can be 
found along the coast. Once retrieved the water has good and fair
ly constant physical and chemical characteristics. 
In case the aquifer is confined by less pervious deposits of great 
thickness, recharge can only be accomplished by injecting the wa
ter directly into the aquifer using wells. Various experiments 
have shown that severe clogging of those wells can be 
overcome by a sufficient pretreatment and a regular cleaning 
(Olsthoorn, 1981). Saline aquifers now are considered a natural 
resource because they are potential storage space for fresh water. 

VARIABLE DENSITY FLOW 

Considerable progress has been made recently in the analysis of 
fluid flow through porous media for those situations in which the 
flow is significantly affected by variations in the density of the 
fluid. In such problems an analysis in which small viscosity dif
ferences are ignored can be justified (de Josselin de Jong, 1960 
and Verruijt, 1980). 

When dealing with variable density flow the equation of motion is 
Darcy's Law, in terms of pressure. In the general three dimensio
nal case it is written as follows: 
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K ~ qx = -7A 
K ~ (i) qy = --,. 

C:J:z = -~{j¥: + eg) 

where qx, qy and !lz are the components of the specific 
discharge vector q (*), e denotes density and pis the fluid pres
sure. Gravity g is working in negative 2 direction, g is accelera
tion 
of gravity, K is intrinsic permeability and ~dynamic viscosity. 

It was first recognised by de Josselin de Jong (1960) that density 
differences create rotation in the flow. This rotation is obvious 
when we take the curl of q (Wylie, 1975), using Q) 

v x q=~ (~qz _ ~qY) -j(~qz _ dqx) +k(~~Y _ ~qx) 
~ ~y az Tx dz X oY 

-+ -+ _...., 
We define i, j and k to be vecto r s of unit length directed1 respec
tively, along positive x, y and z axes of the right-handed rectan
gular coordinate system. 

Because the fluid pressure 
le valued. So~ reduces to 

is a physical quantity it must be sing-

vxq=-!S.2('t!e. - ?~} 
iA a) ax 

Hence, when using the definition of a cross product of vectors 
(Wylie, 1975), we have 

Vxq= ~g ("kx~} = K (--. ._..) 
f- Vf X g 

So the rotation or curl of q ( v x ci> is a vector whose absolute 
value is the product of K/~, the absolute values g and\vel (the 
density gradient) and the sine of the angle between g and ve and 
whose direction is perpendicular to the plane determined by g and 
~ and so sensed that a righthanded screw turned from ~ to g 
through the smaller of the angles would advance in the direction 
of v x q, see figure 1 (**). 
It shows that the rotation of Cf is a horizontal vector so sen
ced that it rotates the interface towards a horizontal position 
when the lower liquid is the denser one (de Josselin de Jong, 
1969) . 

* 

** 

A vector quantity is indicated by putting an arrow above the 
symbol. 
In all figures a vector will be drawn as an arrow. If it deno
tes rotation it will have a double point. 



lvxql = ~ g·lvel ·sinO! 
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Figure 1. The horizontal component of the density gradient creates 
rotation. 

VORTEX-THEORY 

A vortex can best be ~escribed as the total amount of rotation 
within a small element of soil. So a vortex possesses both magni
tude (total rotation or vortex-strength) and direction and can be 
considered a discretization or singularity of rotation. The con
cept of replacing all fluids with different densities by one hypo
thetical fluid and then introducing singularities at those points 
where the densities of the actual fluids change is first mentioned 
by de Josselin de Jong (1960). The singularities generate the ef
fects of varying density. By applying the principle of superposi
tion the resulting flow can be computed. It consists of two parts. 
One of them is accounting for the effects of density differences, 
the other for the flow of the hypothetical fluid. The components 
of flow due to a vortex can be calculated, see next figure (*). 
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Figure 2. Flow due to a vortex. 

(*) A vortex will be drawn as a white arrow with a double point. 
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The absolute value /<iJ at P due to a vortex with strength 
J,L at Q in the direction s equals (Lamb, 1932) 

.a. sin,8 
= 4lT r2 

q(is perpendicular to the plane containing the direction of the 
vortex-line s at Q and the line r and its sense is that in which P 
would advance if it were attached to a rigid body rotating with 
the fluid element at Q. The components of flow due to all vortices 
can be calculated again by using the principle of superposition. 
Of course to get real velocities the specific discharge should be 
divided by the porosity with respect to flow. 
Vortex distributions were first implemented in computerprograms 
for non-steady two-dimensional groundwater flow by Haitjema (1977 
a, b) • 
Later he extended the vortex theory to axial symmetric flow 
(1980), other (three dimensional) programs are being developed 
(Luger, 1980). In the following paragraphs it will be shown how 
the axial symmetric model can be used to compute the amount of 
storage of fresh water that can be accomplished in aquifers con
taining saline water and to model the transient behaviour of the 
fresh water- salt water interface in polder areas due to a sudden 
lowering of the groundwater table. 

RESULT OF HODELING STORAGE 

E'igure 3 shows a cross section through an essentially homogeneous 
aquifer which has negligible existing groundwater movement. It 
will be shown that the storage of fresh water in this formation is 
feasible. 

recharge rr abstraction 

~ -... ...-
1 ~ ' porosity = 0.37 ~~( hydr. cond. 25m/d 

Jt~~~-t:l ·-·· - · ----l-···-··--·-·-r __ oo~~;j6es kg/m• 
salt '· s 1030 

! 

Figure 3. An aquifer containing salt water 

The formation conforms to the usual assumptions of groundwater en
gineering. At the boundary between the regions of different densi
ty the pressure for the miscible fluids is continuous. Replacement 
of the fluids in the pores is complete and the aquifer has got no 
secondary permeability and porosity. 
The volume of storage needed to tide over a period without rechar
ge is difficult to calculate. Let us assume the intake of surface 
water must be interrupted for one month at regular intervals. The 
stock of fresh water must be built up again in one month after 
which the recharge stops again for one month etc. as is shown in 
the next diagram. 
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Figure 4.Abstraction-recharge scheme 

On the long term total abstraction equals total recharge. In figu
re 5 the transient subsequent stages of the interface at times A, 
B, C and D and its initial position are shown. 
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Figure 5. Initial and subsequent stages of interface 

Mixing due to the fact that a part of the fluid is not displaced 
as readily as the rest will cause the growth of a gradual transi
tion zone. This will be the case when there are dead end pores 
(into and out of which the solutes only move by diffusion) and 
less permeable parts or when a film of the displaced fluid is left 
behind on the sand grains. Adverse effects of the transition zone 
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can be overcome by injecting more water than will be abstracted, 
so that the brackish water will be flushed out. The mixing process 
can be reduced by preventing the interface to come up again when 
recharge must be interrupted. This can be pursued py positioning 
the abstraction wells in another aquifer at shallow depth or by 
abstracting salt water with other wells. Of course this is only 
possible if you can get rid of the salt \'later by injecting it at 
great depth, carrying it to the sea or desalting it by reverse 
osmosis. 
Macroscopic mixing due to the randomness of streamlines is under 
study now at the Municipal Waterworks of Amsterdam with a recharge 
well positioned within a completely saline aquifer. In this and 
other field experiments electric conductivity and temperature are 
used as tracers. 

R£S1JLTS OF' MODELING SALT \iJATER INTRUSION 

The lower parts of Holland are divided in numerous separate pol
ders with controlled shallow water tables. For reasons of agricul
ture (to get maximum crop) these water tables are lowered at regu
lar intervals. This causes a continuous flow of groundwater to 
such a polder, the so-called seepage. This seepage is accompanied 
by a load of salt resulting in high chloride contents in the drai
nage system and the open water. For use in agriculture the chlori
de content of this water should not exceed certain values. Just to 
show the capabilities of a vortex computer program some results of 
modeling this form of salt water intrusion are shown in this para
graph. 

Figure 6 shows a cross section of a geohydrologic profile of infi
nite extent. The formation has got negligible existing groundwater 
flow. 

porosity 0.37 
hyd r . cond . 25 m/day 
densit ies ( kg/m•) 

fresh 1000 
sal t : 1010 

Figure 6. Geohydrologic profile of an aquifer containing salt wa
ter. 

Because the groundwater table can be considered a special case of 
an interface (with the upper fluid being weightless) at the edge 
of a circular polder a vortex ring is created when the water table 
is lm1ered, figure 7. 
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Figure 7. A lowering of the water table within a circular polder 
creates a vortex ring. 

The components of the specific discharge (and actual velocity) due 
to the vortex ring can be implemented in the computerprogram. 
Subsequent stages can now be calculated. 

vortex 
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Figure 8. Initial and subsequent stages of the interface when at 
time = o the water table drops 1 m, timestep one month, 
radius of circular polder 1000 m 

It is found out that saline seepage occurs first somewhere between 
the centre and the boundary of the polder. Awater also found this 
(Awater, 1980), however it can be shown that in isotropic aquifers 
it depends on whether there is a thick transition zone, on the 
initial depth of the interface in comparison with the dimensions 
of the polder, on the extent of the aquifer and on density diffe
rences, see next figure. 
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Figure 9 . Initial and subsequent stages of the interface when at 
time = o the \vater table drops 1 m, timestep one month, 
radius of circular polder 100 m 

CONCLUSION 

Vortex-theory can be considered a valuable technique enabling us 
to simulate all kinds of ground water flow problems that are af
fected by density differences. However it will need further impro
vement to handle inhomogeneity as will be the case when dealing 
with actual problems. 
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