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THE NUMERICAL CALCULATION OF SALT WATER/FRESH WATER INTERFACES USING THE 
STREAM FUNCTION 

INTRODUCTION 

1 by C. van den Akker 

In the Netherlands the problem of salt water intrusion has always beenveryimportant 

For that reason many investigations has been done in finding calculation techniques 

for salt/fresh water problems in groundwater. 

However, today there is also under investigation the possible use of deep saline 

aquifers for storage of fresh water. This means that there has to be found design 

rules in order to install infiltration systems. Before that a lot of work has to be 

done in the field of groundwater flow with fluids of different density. To support 

the investigations field tests are performed in the dune area of Holland. In one of 

this field tests fresh water is infiltrated by means of a deep well in a saline 

aquifer. The geohydrological investigations are focused on finding the shape of the 

fresh water body, the rate of mixing of the fresh and saline water etc. 

In this paper a method will be presented for the calculation of the instationary 

interface between salt and fresh water. This method is at this moment not yet 

compared with the results of the field tests. However, the method is used in doing 

some calculations with moving interfaces and some results will be presented here. 

USE OF THE STREAMFUNCTION 

Dealing with interface problems usually the groundwaterhead or pressure is taken as 

one of the variables in the equations. However, most of the time the position of the 

interface has to be calculated and this is merely a problem of moving of fronts 

closer related to the streamfunction then to the heads or pressure. 

Of course by using heads or pressures a lot of calculation methods has been developed 

but sometimes it has advantages to use more direct the streamfunction. Also there 

are some disadvantages related to the streamfunction but for two dimensional flow 

it turns out to be rather helpful in solving a number of flow problems. However, 

before the streamfunction can be used in plane groundwater flow problems with 

instationary interfaces, some basic derivations has to be done. One of the problems 

that arises is the many-valuedness of the streamfunction around sinks and sources. 

According to c. van den Akker (ref.2) this problem can be solved. 

1 National Institute for Water Supply, Leidschendam, The Netherlands 



233 

THE BASIC EQUATIONS 

In plane groundwater flow Darcy's law states 
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where qx and qy are the components of the specific discharge in x and y direction 

of a cartesian coox-dinate system. ' 

~is the groundwatershead and k is the permeabilit~With the continuity equation 
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this results in 
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This equation (3) can be solved numerically with help of e.g. the finite element 

method. 

On the basis of the continuity equation can be stated that there exists a stream 

function 'f' such that 
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From equation 1 and 4 it follows that 
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In a similar way it can be derived that 
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If the groundwater .head S' is single valued, one can state that 
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From equation 5, 6 and 7 it follows that 
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I 2 where K = kxxkyy - k xy 

If the permeabilities in the principal directions of anisotropy are k1 and k2, 

equation 8 can be written as 
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If the principle directions of the anisotropy coincide with the coordinates x and y 

of the cartesian coordinate system the equation 9 reduces to 
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In this form the equation was already given by Bear (1972) 

CALCULATION OF !NSTATIONARYINTERFACES BETWEEN SALT/FRESH WATER 

The basic equations 

Using equation 1101 derived in the former chapters the streamlines in two dimensional 

groundwaterflow can be calculated. A numerical method which can be used very well 

is the finite element technique. However, if there are inmiscible fluids with 

different densities the basic equations can be derived as indicated below: 

For plane groundwater flow in an inhomogeneous anisotropic porous medium the law of 

Darcy can be written as 
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where p = pressure K intrinsic permeability 

~= dynamic viscosity p = density 

g = accelaration of gravity 
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The principle of the conservation of mass yields: 
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Combining equations 11 and 12 results in 
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However, Darcy's law can also be written as: 
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The equations 11, 13 and 14 result in: 
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If (=13 than equation 15 can be written as: 
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According to the theory developed by de Josselin de Jong (1969) the part 

is a term that can be explained as follows. In a liquid with a constant density 
lk'" the term ~~ is equal to zero. Only at places with no uniform density e.g. at an 

interface between two inmiscible liquids this vortex is present. 

The adjoint groundwater flow problem. 

It is well-known that every plane groundwater flow problem has an adjoint problem 

in such a way that the equipotential lines of one of the problems are the streamlines 

of the other problem. Also this means that a sink or source in one of the problems 

is equal to a vortex in the other problem. 

This means that the vortices on the interface between two liquids with different 

densities in the streamfunction represention can he described as sinks or source 

terms. 

The strength of this sinks or source terms can be derived: 

Assume there is a part of an interface with a length ~1 and assume that the thick

ness of this interfaces, where the change of the density f occurs, is equal to ~n 

(see figure 1) • 
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If now x is the angle between the positive x-axis and the direction of the interface 

(counter clock wise) then: 

17 

If instead of the coordinates perpendicular to the interface (n-direction) and 

along the interface (s-direction) the cartesian coordinate system x and y is taken 

this results in: 
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From equation 18 it follows 
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The change of theK into the s-direction along the interface is equal to zero so 

~ 
GIS = 0 20 

Perpendicular to the interface the change of r over the thickness of the interface 

can be expressed as: 
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where ft and f, are the densities of the two inmiscible fluids. 

Also there can be written that 
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By substitution of equation 20 and 21 into equation 22 one obtains: 
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In the application of the finite element using the variational calculus this term 

!t' appears as: 
t>x. 
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or ·. 
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This means that the sink or source q in the application of the streamfunction can 

be represented as stated in equation 25. This term is considered to act inthecentre 

of gravity of the surface ~1 z ~n. 

So now there can be stated that within the application of the streamfunction and 

dealing with sharp interfaces this interfaces can be represented by a number of 

sink or source terms. 

Example 

For reasons of simplicity a trivial example of a moving interface will be treated. 

Suppose there is a box filled with homogeneous isotropic sand. The dimensions of the 

box are 4 m. height and 4 meter width (see figure 2). 

At time t=O a vertical interface between 2 liquids with different densities is 

present at x=2. By application of the vortex theory this interface is now represented 

as a number of sinks in the streamfunction. The boundary condition of the problem 

is very simple. All along the boundary the streamfunction value is~= 0 

During a time step ~t the interfaces is moved towards an other position. Again this 

interface is represented by sinks and again the streamfunction is calculated all 

over the flow domain. The interface moves along the streamlines during the time step 

~t and again the new position is obtained. In the final situation the interface has 

become horizontal and there is no flow at all left in the system (see fig. 3). 
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