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I. Introduction 

Consider a horizontally situated confined aquifer of constant thickness 

which is filled with a homogeneous material of constant porosity E, 

In this aquifer fresh and salt water are present, separated by an abrupt 

interface. Let the flow be two dimensional in the vertical (x,z)-plane. 

Then a situation may arise as shown in Figure I. 

Lx~H ~~~ fresh 

water ~~ 

water ~s 
0 

Figure 1. Fresh/salt distribution in a horiz6ntal aq~ifer. 
In this paper it will be assumed that the fresh and salt groundwater are 

both incompressible and that each has a constant specific weight yf and 

y , respectively. Further it is assumed that the interface which separa-
s 

tes the two fluids can be described as a function of the horizontal 

distance x and time t only. Denqting this function by u = u (x, t) , it 

follows that the specific weight throughout the entire aquifer can be 

described by the expression 

u(x,t)< z < H , 
y (I) 

0 < z < u(x, t), 
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where H denotes the Heaviside function H( s) 1 when s > 0 and 

H(s) = 0 when s < 0. 

Based on the vortex theory of De Josselin de Jong [l],an equation for 

the stream function of the flow will be given. This equation which has 

the character of a two dimensional Poisson equation, shows that the 

stream function at a given time t, is determined by a vortex distribu

tion along the interface u(x,t), where the vortex strenght is proportio-
au 

nal to the difference in specific weight (ys-yf) and the slope ax (x,t) 

of the interface with the horizontal. 

From the streamfunction the specific discharge of the fluids can be cal

culated throughout the aquifer. In particular at the interface, where 

z = u(x,t), one obtains from the specific discharge an expression which 

describes the evolution of the interface with respect to time. Mathe

matically this interface motion equation has the character of a first 

order equation in which the interface position u is expressed directly 

in terms of the stream function. 

In this paper a numerical method ~s presented which describes this 

evolution process. Instead of an infinite aquifer, this will be done for 

the case of rectangles in the (x,z) plan of height Hand of length L, 

where L may be chosen arbitrary large. 

Our numerical method is based on a finite element procedure to solve 

the Poisson equation for the stream function. The equation for the 

interface, when the velocity is given, is hyperbolic, 'Ilhe Sa,S scheme 

introduced by Lerat [2] is used for it's discretisation. An essential 

problem is to calculate the position of the toe S1 (t) and the top Sz(t) 

of the interface. Differential equations for S1 (t) and Sz(t) can be 

derived by considering the velocity of the fluid particles near the 

toe and the top. These equations are used to obtain approximated values 

of s 1(t) and s 2(t). Similar techniques have been used by DiBenedetto 

and Hoff [3] and Miruma, and Tomoeda [4] for the discretisation of 

special classes of non-linear diffusion equations. 

In different papers, e.g. [S] and [6], several authors have proposed 

finite element models for interface problems in groundwater flow. Their 

work is based on the Dupuit approximation and the governing equations 

of the problem are expressed in terms of the piezometric head. 
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2. Mathematical Formulation 

In this section the mathematical formulation of the flow problem is given. 

Let the fresh and salt groundwater be both incompressible and separated 

by an abrupt interface. When they bothmove through a homogeneous 

aquifer of large horizontal extension,as shown in Figure I, then the 

following equations are applicable. 

I. Conservation of momentum (Darcy's law). 

-I 
JlK q + grad p + y e z = 0. 

where ]l ~s the dynamic viscosity 

K ~s the intrinsic permeability assumed to be constant 

p ~s the pressure 

q is the specific discharge vector ; 

y ~s the specific weight of the fluid. 

The viscosities of the fresh and salt water differ by an 'l.mount small 

enough to disregard it's influence on the behaviour of the fluid as 

shown in [7]. Hence Jl ~s assumed to be constant. 

The specific weighty is given by equation (1). 

2. Conservation of fluid volume (incompressibility). 

When the fluid is assumed to be incompressible the discharge field 

satisfies: 

div q 0 

(2) 

(3) 

and as it is shown ~n [8] a stream function ~ can be introduced such that 

q curl ~ (- ~~) 
3z'3x · 

(4) 

3. Equation of motion of the interface. 

Consider a fluid element of length ds situated on the interface as des-

cribed by Figure 2 y.t 
r, 

Ires 

t 

Figure 2. Fluid particle moving on the interface. 
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I 
The normal speed E qn of this element must now be equal to the normal 

speed of the interface au cos a. That is 
at 

au au dx 
qn cos a 

E at 3t ds 

Hence 

au ds d1Jl 
at E 

qn. dx E dx 

In equation (6) the value of the stream function is taken on the 

interface. Thus the equation of motion of the interface is given by: 

au 
E at (x,t) 

d 
dx 1Jl(x,u(x,t)). 

An equation for the pressure or the stream function can be obtain 

directly from Darcy's law. 

(5) 

(6) 

(7) 

To obtain the pressure equation one has to take the divergence of the 

momentum balance equation (2). This gives: 

~K-I div q + div(grad p) + ~~ 0. (8) 

Using the incompressibility condition (3) one has 

_1_y 
-ti p - az ' (9) 

a2 a2 
where ti denotes the Laplacian ---

2 
+ --- . Equation (9) was first derived 

ax 3z
2 

by Knudsen [9]. 

The equation for the stream function is obtained by taking the curl of 

equation (2). 

-I 
~K curl q + curl(grad p) + curl(ye 2) 0 . (I O) 

As curl q =curl (curl 1Jl) -ti1Jl + grad(div 1Jl),equation (10) gives 

-1 -1 
-~ f'i\jl + ~K grad(div 1Jl) + curl(yez) 0 (11) 

Since 1J1 is a function of the two variables x and z only, the second 

term on the left hand side of equation (11) vanishes and the following 
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relation between the stream function and the fluid density arises: 

-l'l'jl = ~ a_y_ 
ll ax 

This equation was first derived by De Josselin de Jong [ 1]. 

Substituting (1) into this equation gives 

-l'l'jl = rl_ H(u(x,t)-z) 
ax 

with r = (y -yf) ~ . 
s ll 

(12) 

(13) 

Evaluating the derivative in the right hand side of this equation re

sults in : 

-i'l'ji =r au o(u(x,t)-z) 
ax 

where 8 denotes the Dirac distribution (delta function). 

(14) 

Equation (14) shows that a jump in the specific weight results in a 

vortex distribution of strengh r~ along the interface where this jump 
ax 

occurs. 

In this paper we choose to work with the stream function equation (13) 

(or (14)) since the stream function arises directly in the interface 

motion equation. We are only interested in the flow induced by density 

differences.Therefore, the following boundary conditions are chosen: 

'ji(x,z) 0 when !xi + +oo , z = 0 and z = H. (15) 

At t ~ 0 the initial distribution of the fresh and salt water 1s pres

cribed through the fun~tion 

u(x,O) u
0

(x) for -oo < X < ro • 

Surnmarizing,the motion of salt and fresh groundwater 1n an horizontally 

extended aquifer with an abrupt change in density is described by the 

set of equations: 

au 
E

at 
d 
dx ['ji(x,u(x,t))] 

u(x,O) = u
0

(x) 

'jl = 0 

rl_ H(u(x, t)-z) 
ax 

-oo < X < +co t > 0 

< X < +co 

-oo < X < +oo 0 < z < H t > 0 

lxl + +oo, z 0 , z = H • 
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3. Some consequences 

Shear flow at the interface. 

It can be shown (for instance in [I]) that at the interface the specific 

discharge q is discontinuous·.' More precisely the tangential components 

have a jump given by : 

rsin a (17a) 

and the normal components are continuous: 

0. (17b) 

The equations (17) show that there exists a shearflow at every point of 

the interface.Consequently it follows that the streamfunction has a 

jump in it's derivatives ~!and ~;resulting in 

(~) - (~) =fsin a 
3n I 3n 2 

3'!' 
(38) I 

3'!' 
Ca-s) 2 0. 

Equations for the toe and the top of the interface. 

In the case where the interface intersects the impermeable upper and 

lower layer, an important problem is to compute the position of the toe 

and the top of the distribution. We consider a situation··as shown ~n 

Figure 3. An indirect toe tracking method has been used by Wilson.and 

Da Costa [5] in the case where the Dupuit approximation is assumed. 

ln their formulation they do not use an explicit evolution equation for 

the toe. 

Figure 3. Displacement of the toe and the top in the (x,t)plane. 
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Let s
1
(t) be the toe of the interface. Consider a fluid particle situa

ted at the bottom of the aquifer in the toe of the salt· water region. For 

such a particle, the specific discharge q reduces to it's horizontal 

component qx and the velocity should be equal to the velocity Sj(t) of 

the toe. Thus 

lim 
E 

q (S (t) ,0) • 
E X 1 

When considering a fluid particle situated in the top of the fresh 

water region, a differential equation is obtained in a similar way. 

E 
lim q (x,l!) = q (S

2
(t) ,H). 

X X 

xts
2
(t) 

( 18) 

(19) 

Since q =curl~. equation (18) and (19) can be written ~n terms of the 

stream function as 

s 1 ( t) _!_lim d~ (x·, O) 
E ;)z E 

d~ 
;)z (S

1 
(t) ,0). (20) 

x+s
1
(t) 

s 2 (t) - _!_ lim d~ (x , H) E 
dZ 

xt s
2

(t) 
(21) 

4. Numerical approximation of the stream function. 

Assume the position of the interface u(x,t) is known at time t. Then 

the equation for ~ is of elliptic type and the application of the finite 

element method provides good results. The flow domain is divided into 

triangles and the simplest type of elements were used by considering 

the linear interpolate of ~ over each triangle. Numerical tests have 

been made for two different triangulations. 

In the first, the triangulation of the flow domain was made independently 

of the position of the interface which is a line crossing the triangles. 

The computation in time can then be carriedout by using the same grid 

at each time step, but an interpolation has to be made to obtain the 
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the value of~ at z ~ u(x,t). Consequently this gives a loss of accuracy 

which can only be reduced by taking the size of the triangl~s sufficient~ 

ly small. 

In the second triangulation, the two subregions are divided into triangles 

in such a way that the interface ~s a node -line for the total mesh. 

Since the position of the interface varies in time, a new grid has to 

be constructed at every time step. This was done by a grid generator 

program which is part of the AFEP package of Delft University of Techno

logy. 

Case of fixed grid 

When writing equation (13) ~n an integral form one obtains 

1 H 
J J grad~ grad~ dz dx 

-1 0 

1 H a 
J JrH(u(x,t)-z) 3! dz dx 

-1 0 

for every test function~-

The stream function ~s approximated by a finite series of the form: 

N 

(22) 

l: ~. ~. (x, z) where ~. are the nodal values of '!' at.,the N interior node 
j~l J J J 

points of the grid. 

~- ~s the shape function which is equal to I on the node i; equal to 
J 

zero on the other nodes and is linear over each triangle. 

The standard procedure of finite elements method leads to the system of 

linear equations 

N 1 H 

l: ~. J J grad ~i grad ~J. dz dx 
j~l J -1 0 

for i l , ••. , N. 

1 H 
- r J J H ( u ( x, t)- z )1.._ ~ . d z dx , 

-1 0 dX J 

(23) 

To determine the contribution of each triangle ~n the right harid side 

of equation (23) it is necessary to locate the position of the inter

face with respect to the position of the triangle and to determine the 

value of the areas such as shown in Figure 4. a, 

r, 

Figure 4 
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This technical difficulty was solved by using a smooth function 

H (t) = ~(--~ +]) instead of H in equation (23). 
E E+1t1 

-6 
For small values of E(lO ),much less than the mesh size, HE gives an 

approximation of H and the contribution of every triangle to the right 

hand side of equation (23) can now directly be computed by using a 

numerical integration formula. A seven point integration formula gives 

(24) 

where IKI is the surface of the triangle K and the points a. are taken 
~ 

as ·shown in Figure 5. This rather complicated form was chosen because 

it properly incorporates differences in the height of the interface over 

each triangle. 

Case of moving mesh. 

In equation (22) the right hand side reduces to an integral along the 

interface. This gives 

L H 

f f grad '¥ grad ¢ d z dx 
-L 0 

L 
-r f cp(x,u(x,t)u (x,t)dx 

X 
-L 

for every test function ¢ (25) 

The standard procedure of the finite element method leads to the linear 

system 

N L H 

l: '¥ f f 
j=l j -L 0 

when 

grad ¢. grad ¢. dz dx 
~ J 

-r 
J cjlj(x,uh(x,t))uhx{x,t) 

rh )J+u~x(x, t) 

i 1, ...• ,N. 

uh(x,t) denotes the approximated interface which consists of line 

elements and thus is continuous, piecewise linear. 

In the contribution to each line element represented by the segment 

[ (x. , u. ) ; (x. , u.)] the quantity u /;;:::! is taken as 
~-] ~-] ~ ~ X X 
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cu./~ where Ciu. 
~ ~ ~ 

ui-ui-1 

xi-xi-1 

In both cases, the linear system of equations ~s solved by means of the 

conjugated gradient method preconditionned by the method of symmetric 

success~ve overrelaxation. With this iterative procedure, the storage 

of the matrices can be minimized since only a few coefficients in each 

row is now zero. 

Numerical approximation of the interface. 

The equation of motion of the interface (7), for a given function~. is 

an hyperbolic equation. In this paper, we use an explicit time discre

tization scheme of finite difference type, called the S Q method to o:,,., 
calculate the position of the interface. This method, introduced by 

Lerat and Peyret [2], defines a class of predictor-corrector type schemes 

which are given by the following. 

Let u~ be 
~ 

the approximated value of u at the position x. and time tn. 
~ 

Then the value 
n+J 

u. 
~ 

of u at time tn + ~t is calculated as : 

"''l 
Il. 
~ 

n n o:~tn n n n n 
(1-S)u. + Sui-] - {~ (x. 1 ,u. ~-~ (x. ,u.)} 

~ ~X ~ + ~+ ~ ~ 

n+l 
u. 
~ 

n 
(x. I 'u. I ) + 

~- ~-

(27) 

(28) 

Equation (27) describes the prediction step in which the predictor li~ 
~ 

can be interpreted as an approximation of u at the point x = xi + S~x 

and t = t +oc'M~ 
n 

In the correction step given by equation (28) ~ represents the stream 

function corresponding to the predicted interface u. Hence the so:,/3 

method is a two step scheme in which an intermediate stream function 

has to be computed. 

Lerat and Peyret have shown ~n [2]that the S Q method give a sea,,., 
cond order scheme which is space centered for S = 4. 
For special values of o: and 13, the S i3 scheme reduces to other schemes 

o:, 
introduced by different authors. For example S 1 1 is the two step 

2' 2 
Lax-Wendroff scheme s

1 0 
and s

1 1 
are the schemes introduced by 

' ' 
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Mac Cormack [ll] and s
1 1 was proposed by Rubin and Burstein in [12] 

' 2 
to approximate hyperbolic equations. 

15 In this paper, the numerical tests are performed with a= (+l+ z- ) and 

S = !. These values are called optimal in a sense that the scheme pro

duces less dissipation than the other values of a and S when applied to 

Burger's equation in the case of shock waves. 

It has been proved that the S scheme is stable if the time step satis-
a,S 

fies the CFL condition 

I 
. /l,t 

max q i""A s; 1 • 
X LIX 

This condition is obtained by the requirement that the mesh ~n the (x,t) 

plane is such that two characteristic curves of equation(9) do not ~n

tersect. At every step we choose /l,tn such that: 

where qn (x.,u~) denotes the approximated value of the x component of 
x. J J 

the discEarge field along the interface in the two subregions computed 

at time t . 
n 

Equation (28) shows that the interesting values of the intermediate 

stream function~ must be taken at the intermediate points (x.+S/I,x,~). 
~ ~ 

In the case of the fixed grid method, we therefore used a second grid 

as in Figure 6. 

9rid 1 grid2 

Figure 6 

Approximation of the toe and the top of the interface. 

The position of the points s
1 

(tn) and s
2

(tn) in the (x,t) plane are 

determined by discretising (20) and (21) in the following way. 
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n n 

s7+1 sn L'ltn 'I' (xKn ,uKn 
1 

I E n 
uKn 

(29) 

I 

n nn 
n+l sn + 

L\tn 'I' CxKz ,uK2 
s2 2 E H-unKn 

I 

(30) 

where the indexes Kn and Kn are defined by 
I 2 

In using equation (29) it is assumed that the toe's velocity can be 

approximated by the horizontal velocity of the nearest discretisation 

point at the boundary z = 0 in the salt water region. A similar situa

tion is considered in equation (30). 

Summarizing the explicit algorithm is as follows. 
n n n n 

Assume that 'I' , u, s
1

, s
2 

are the approximation of '1', u, s
1

, s 2 at 

time t .From equation (29) and (30) the position of the toe and the 
n 

top of the interface at time tn+l are computed. Then the Sa,S scheme 
n+l n+l 

is applied to the discretization points between sl and s2 to 

obtain the new position of the interface. The corresponding stream 

function is computed by means of the finite elements method. 

Results and discussion . 

The equations from problem P can be put in a dimensionless form by con

sidering the transformations 

X z 'I' t 
H ' H ,. H ' EH/f 

Denoting the new dimensionless variables again by x, z, t, and 'I' 

one finds 

r ,, d 
'l'(x,u(x,t)) at 

-oo < X < +oo 
dx 

u(x,O) = u
0

(x) < X < +oo 
p / 

1 
a 

-L\'1' ax H(u(x,t)-z) -00 < X < +oo 

'I' 0 lxl + oo z 0, z = I. 
' 

0 < z < 1 
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The ·numerical algorithm was tested for problem P on bounded rectangles 

for both the fixed and the moving grids. A detailed study and comparison 

of our numerical results are given in [10]. Here, four examples are given 

for the case of a fixed grid. In example 1-3 the flow domain is the 

rectangle -1 ~ x ~ 1, 0 ~ z ~ 1. 

Example 1, see Figures 7a-c. 

In this case the initial distribution is non-monotone. The stream 

function ~ corresponding to u
0 

is shown for computations with space 

steps 6x 
5
1
0 

, 6z = 
5
1
0 

and E = 10- 10 . Since the sti'eam function has 

a jump in it's derivatives and attains an extremum along the interface, 

the space step parameters are taken small in order to have a good ap

proximation of ~ at the interface. Hence, the fixed grid method re

quires quite a large number of grid points. When using a moving grid 

it is necessary to have a refined mesh only ~n a neighbourhood of the 

interface and the number of elements can be reduced consideraoly. 

Example 2, see Figure S. 

Here the results are shown when the initial distribution u0 is almost 

a vertical line. Figure Sa shows the evolution of the fresh/salt in~er

face. Figure Sb shows the displacement of the toe and the top. 

Example 3, see Figure 9. 

Now the initial distribution u0 is given by a parabola. Figure 9a-b gives 

the same information as Figure Sa-b. 

Observe that in all three cases, the fresh/salt interface has the 

tendency to take the shape of a straight line which rotates with a 

certain speed around it's central point. This behaviour corresponds to 

the situation which arises in the Dupuit approximation, see Hilhorst 

and Van Duijn [13]. Then the problem reduces to a nonlinear diffusion 

equation which has a similarity solution also of the form of a rotating 

line. The speed of rotation for this similarity solution is approximately 

the same as the oneo"bservedin examples 1-3. 

Example 4, see Figure lOa-b. 

Here the initial distribution is the same as in Example I. However, the 

flow domain is much larger : - 5 ~ x ~ 5, 0 ~ z ~ I. Observe how the 

interface approaches the similarity solution. 

The main part of the computation consists of the approximation of the 

stream function. In the case of fixed grid method, the matrices of the 
\ 
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the linear system to be solved are constant for every time step and the 

cost of computation can be reduced by using the Cholesky decomposition 

method. The moving grid method requires less grid points but for every 

time step a new grid has to be 

has a different matrix. 

generated and the new linear system 

A check of numerical stability is made by choosing the time step 6tn 
n 6tn . 

such that C 6x var~es form the value 0.4 to 1.5 where Cn is the quantity: 

en= max{max([qn (x.,u~)[,fqn (x.;u~)[}. 
i xl ~ ~ x2 ~ ~ 

Remark. 

It is also possible to make the computation without using the equation 

of motion of the toe and the top of the interface in the case of the 

fixed grid method. Then one has to apply the S S method described by 
a, 

formula (27) and (28) to the discretization points on the total length 

of the rectangle. Since no analytical solution is known we do not have 

any test case available. As a criterion for the accuracy of our 

n'Umerical method we considered the differences in the solutions obtained 

with arid. without making use of the differential equation for the toe 

s
1 

and the top s
2

, see [!0]. 

When dealing with a hyperbolic equation as (7), one could also use the 

Lax scheme which is the simplest first order of accuracy method. A few 

numerical trials have been carried out with the Lax scheme. Using the 

criterion mentioned above, the Lax scheme tu:c.ned out to yield less 

good results than the S S method. However, one should keep in mind 
a, 

that there is no prediction step in the Lax scheme. Therefore it does 

not require the computation of an intermediate stream function. Con

sequentely the computation time is considerably less. 

Conclusion. 

The dynamical behaviour of the interface separating fresh and salt 

groundwater in an aquifer has been numerically investigated. We have 

restricted our attention to flows induced by density differences only. 

Since the Dupuit approximation is not assumed as in [5] and [6], we had 

to simulate an evolution process in two dimensions in space. The results 

obtained show that the large time behaviour of the interface is resembles 

the similarity solution of [13]. 
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~TREAM FUNCTION 

Figure 7-a 

l 
~ 

! 
I 

Interface .at t•0.27 art.d t•0.74 COtllputod ~t...,oen o~~pproxil!\ated Cn111 boundar!•• 

X-

fresh 

X-

Figure 7-b 

salt and fresh 

frP.c bourl<l•lrlo:. ovolution 'olith inltia.l condition l\..1 

Figure 7-c Evolution of the toe and the top 

3l.l 



•. .:a 

1 
j 

'·'P 

IntorCace at t•0,21S and t.0,15 computed betw••n appro~~:imated Croe boundarie• 

X-<> 

Figure 8-a 

salt and fresh 

salt 

~ fresh 

I 
l 

free bound11de• evolution with initiAl condition u
02 

X --t> 

Figure 8-b Evolution of the toe and toe and the top 
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.... 

Interrace at t•0.2G and t-U.1S computed t.etwean approxi111atad rr•• bounda.l'"i•• 

X---<> 

Figure 9-a 

,_,. 

salt and fresh 

J 

j 
•• 11 ~ 

I fresh 

-l.tD 

Figure 9-b Evolution of the toe and the top 

X---<> 
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Figure 10-a 

s, 
salt .. 

'· 

'· 
Salt and fresh 

'· 

TIHf: 

10. 15. 

COIIIparu;on Wlth tl-.a fre.·bound<lry of .a llmllartty 5olution s
28 

Figure 10-b 
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