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Abstract 

Numerical modeling has been, in recent years, a very usefull tool to 

simulate and analyse the seawater intrusion in aquifers with sucess. In 

many of the models used it is assumed an immiscible interface between 

freshwater and seawater. Such procedure brings large savings on computer 
costs, and usually producing good results for the problems under study. 

However, a difficulty rises when the seawater wedge has a finite extent, 
due to a limited aquifer thickness. This produces a discontinuity of the 

interface and of the seawater phase. Usually is difficult, and often 

quite expensive, to model numerically discontinuities, specially when 

its location varies with time, as is the case of seawater intrusion in 

aquifers. This model was developed in 1976/79 by the author at the 

Massachussetts Institute of Technology and later revised and expanded at 

the Technical University of Lisbon. 

The model can accurately simulate, in steady state and transient condi

tions, the flow in coastal aquifers, where a seawater wedge exists, and 

under offshore islands were often the freshwater floats a top of seawa

ter as a freshwater 1 ens. 

1 Introduction 

Seawater intrusion in coastal aquifers is a problem that affects coastal 
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areas and islands subject to increasing groundwater withdrawal, to meet 

the demands due to the growth of population and industrial activities. 

This conduces to a change on the long term natural balance of freshwater 

flowing underground to the sea and the heavier underlying seawater 
wedge. Since the freshwater flow is reduced the seawater wedge advances, 

enroaching the freshwater threatning its availability with contamination 
by brackish water. 

Numerical modeling has been, in recent years, a very usefull tool to 

simulate and analyse this seawater intrusion in aquifers with sucess. In 
most models in use is assumed an immiscible interface between freshwater 

and seawater, bringing large savings on computer costs, producing good 

results for the prob 1 ems under study. However, a difficulty rises when 
the seawater wedge has a finite extent, due to a limited aquifer 

thickness, showing a discontinuity of the interface and of the seawater 

phase. Usually is difficult, and often quite expensive, to model numeri

cally discontinuities, specially when its location varies with time, as 
is the case of the seawater wedge in aquifers with finite thickness. 

This paper presents a simple and inexpensive technique to model this 

interface discontinuity. This technique has been used in a finite ele

ment model called SWIM, an acronym for ~ea~ater Intrusion ~odel. This 
model was initially implemented at the Massachusetts Institute of Tech

nology, USA, and later revised and expanded at the Technicical Universi

ty of Lisbon, to simulate groundwater flow in coastal areas and under 

offshore islands. However, the technique discribed here can be also 

implemented in other models using Gauss Quadrature for the spatial 
numerical integration. 

2 Governing equations 

In most practical situations the transition zone between freshwater and 

seawater, where mixing and dispersion phenomena occur, is quite narrow 

when compared with the overall saturated thickness of the aquifer forma
tion. In these cases an immiscible interface between freshwater and 

seawater is appropriate and very convinient assumption (Bear, 1972 and 

1979; Shamir and Dagan, 1971; Pinder and Page, 1976). This approximation 

leads to the definition of two types of freshwater aquifers (figure 1): 
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Figure 1. Seawater intrusion in different types of aquifers 
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lens when the freshwater "floats" on top of a seawater layer; toe when 

the immiscible interface intersects the bottom of the aquifer, defining 

a seawater wedge "toe". SWIM, which utilizes the immiscible interface 
approach, can simulate both types of aquifers. 

Vertically integrated flow equations, using Dupuit approximation are 

used to represent regional, essentially horizontal two-dimensional (2-D) 

flow. The derivation of the governing equations, leads to the following 

tensor notation form (Sa da Costa and Wilson, 1979): 

FRESHWATER: 
f 

_CI_ (Kf bf ~) 
Clx. x.x. CIXJ. 

1 1 J 

( 1 ) 

SEAWATER: Cl (Ks 
Clx

1
. x.x. 

1 J 

(2) 

i ,j ,m=J ,2 

Where i ,j=l,2 refer to ortogonal spatial coordinates, xixj; and m=l,2 

refers to leakage from/to above or below. The interface depht, r;, is 

defined by continuity in pressure at both sides of the interface. In 

terms of piezometric heads, this leads to the expression: 

s f f 
= L ¢s _ L ¢ 

c; 6y 6y 
(3) 

In these equations the superscripts f and s represent a freshwater and a 

seawater quantity, respectively, and 
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Kx.x. are the components of the hydraulic conductivity tensor; 
b 1 

J is the saturated thichness; 
~ is the piezometric head; 

K'm is the vertical hydraulic conductivity in the semi-pervious leaky 

layer (=0 if nonexistent) where m=1 top layer and m=2bottomlayer; 

b'm is the leaky layer thickness; 
~m is the piezometric head in the vertically adjacent aquifer on the 

other side of the leaky layer; 

q represents the source/sink terms; 

N is the natural accreation (=0 in confined aquifers); 

S is the elastic storage for confined aquifers, or the specific 

yield for phreatic aquifers; 

n 

y 

t 

is the effective porosity; 
is the specific weight, ~Y = y5 

- yf; 

is the time. 

The major assumptions behind the derivation of these equations are: 
- immiscible interface separating freshwater and seawater; 

- Darcy's law is applicable; 

- vertical variations of the aquifer properties are neglected; 

- Dupuit assumption is valid; 
- vertical flow is only considered for leaky effects and accreation; 

- constant specific weight for both freshwater and seawater; 

- freshwater and seawater are considered homogeneous, isotropic, and 

completely filling all voids in the saturated zone of the porous 

media. 

Using the Galerkin approximation to perform the space integration, the 

governing equations 1 and 2 can be reduced to a simpler matrix equation 

(Sa da Costa and Wilson, 1979): 

where: 

dX 
C --- + KX=F 
= dt =--

C represents the storage matrix; 

K represents the transmissivity and leakage matrices; 

F is the vector of independent variables; 

447 

(4) 



X is the unknown piezometric head vector. 

SWIM uses mixed isoparametric elements, with functional coefficients for 
aquifer geometric properties such as bottom and top elevations. Equation 

4 is integrated in time using a fully implicit finite difference scheme 

and the resulting non-linear system of equations is solved iteratively 

using a modified Newton-Raphson procedure. 

As shown on the two top scheme of figure 1, quite often appear cases 

where the seawater wedge has a finite extent, defining a toe at the 

interface intersection with the bottom of the aquifer. This toe divides 
the aquifer in two. One, seaward of the toe, to the left of figure 1, 
where both freshwater and seawater exist; the other, inland of the toe, 

to the right of the same figure, where only freshwater exists. That is 

the toe also represents a discontinuity of the seawater phase. 
For seawater intrusion in aquifer the term "toe" usually represents the 

intersection of the interface with the bottom of the aquifer. However, 

there are situations where the interface also intersects the top of a 

confined-leaky aquifer, and this "upper-toe" represents a discontinuity, 

now for the freshwater phase. 
These upper and lower toe are moving boundaries in almost all the situa
tions encountered in groundwater flow simulation, bringing some diffi
culties when it is required to model the exact position of the toe. The 

representation of these "toes" have been avoid in the past, the upper 

one by simply not treating the situations where it appears; the lower 

one by considering a very deep aquifer which leads allways to a lens 

situation, therefore without discontinuities and simpler to represent. 

By proceeding in this way the result obtained for a steady solution in 

the same as in the correct representation. However in groundwater the 
transient case is the common situation and the errors due to this sim

plification can be enormous, specially if combined with the Ghyben
Herzberg aproximation of considering the seawater static. 

The model presented avoids these two dificulties by considering both 
fresh-and sea-water dynamic and also by incorporating a very simple 

algorithm to track the moving toe. 
This algorithm takes advantage of the method used for the finite element 
integration, the Gaussian quadrature, to pin-point with a very good 

accuracy the position of the toe. Actualy it can track both the upper 

and lower toes. This methodology is discrebed in detail in Sa da Costa 
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and Wilson 1979 and Wilson and Sa da Costa 1980, and is sumarized below. 

3 Interface discontinuity modeling technique. 

Some authors, to avoid the difficulty of the moving boundary at the in

terface discontinuity, ignored the existence of an impervious bedrock, 
or at least considered it very deep to avoid such di scontiniuty. With 

such procedure they could model the aquifer as a lens situation, and 

later they determine the position of the toe by the intersection of the 

interface, calculated ignoring the bottom, with the bottom surface. The 

position found for both the interface and toe using this methodology is 

corrected only under steady state conditions, otherwise, it does not 

take in account a different transmissivity for both freshwater and 
seawater, due to the artificial deepning of the aquifer's bottom. 

Since the steady state takes very long to attain, hundreds and sometimes 

thousands years, it can be stated that transient situations are the more 

commonones, and the ones that should be simulated. Steady state repre
sents an ultimate situation, usually never achieved, and its only inte

rest is the evaluation of the ultimate consequences of an exploitation 

policy. 

Other technique to model the interface discontinuity, uses mesh regene

ration or mesh displacement algorithms. This technique is quite diffi

cult to implement and very costly to use, specially in cases with va

rying aquifer geometry and properties. 

It is possible to represent the interface by the limits of the elements, 

when using finite elements models, or of cells, when using finite diffe

rences models. In other words, the toe will never lie inside an ele
ment, or cell and will be always 'pushed' or 'pulled' to the nearest 

limit. This procedure can lead to over, or under, predict the toe's 

position depending on the seawater wedge movement and on its displace
ment velocity. 

A reliable and inexpensive alternative to track the toe movement, when 
using finite elements with quadratic elements, is to take advantage of 

the Gauss Quadrature points used in the finite element numerical inte

gration of the spatial matrices. This methodology is fully described in 

Sa da Costa and Wilson, 1979 and in Wilson and Sa da Costa 1980. This 

449 



toe track algorithm is implemented in three steps. First the evaluation 

of the elements with a toe; this is achieved by calculating the inter

face elevation at the element's nodes and comparing it with the corres

ponding bottom's elevation. The second step consists in increasing the 

number of Gauss points, usually 2x2, to 4x4 to obtain more detail. In 

the third step the freshwater and seawater saturated thickness are 

evaluated at the Gauss points using the continuity in pressure at the 

interface (equation 3). This values are used to compute the transmissi

vity matrix in the usual way. 

With this procedure two sets of Gauss points are implicitly defined: one 

inland of the toe where there is no sea water; the other seaward of the 

toe where there are two layers, one of freshwater the other of seawater 

(figure 2). The model recognizes, for computational purposes, that the 

toe lies between this two sets of Gauss points. The toe is exactly 

located only for output purposes. 

* GAUSS POINTS 
GAUSS POINTS HI TH 
FRESH\-IATER AND 
SEAHATER LAYERS 

GAUSS P0!1HS HITH 
. J ONLY THE FRESHI.JATER 
! LAYER 

--~--------~----------~w-~--~---r+T~--~--~~-

• * * * * 

* * * * * 
• 

* * * * * 
• 

* * * * • * * ... ... • .. 
* * * * * * * .. .. * * * 

• * * * 
* * * * • * * * * .. 

* * * 
* * * * * .. 

Figure 2. Plan view of the toe location by a model using the Gauss 

Quadrature points (SWIM) 

This procedure alone does not lead to a great improvement, because the 

finite element method smooths out all sharp transitions such as the 
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sharp corner existing at the toe. Therefore, the toe track algorithm 

must be combined with the artifice of considering the interface beyond 

the toe to lie just below of the aquifer's bottom, defining the toe at 

the intersection of the interface with the bottom. This procedure elimi

nates the smoothing of the sharp corner at the toe, but the thickness of 

this "extra-thickness" (d) should be kept small. A sensitivity analysis, 

Sa da Costa and Wilson, 1979, shows that the ratio d/b=1o- 3 is optimal 

(b is the aquifer's thickness). Larger values of d conduces to a 

decceleration of the toe movement, smaller values of d will not absorb 

the "wrinkles", spatial oscilations of the interface just outside of the 

toe due to the abrupt change in gradients. 

Another advantage of adding the "extra-layer" is to avoid zeros on some 

rows of the transmissivity matrix, that could lead to a non-positive 

definite matrix. This because a finite saturated thickness for each 

phase is defined over the entire domain, or at least over the part of it 

where the two phases can coexist. This implies that where a phase is 

absent, its saturated thickness must be multiplied by some hydraulic 

conductivity Kd. For 10- 5 <Kd/K<1 where K=Kf (or Ks) the simulation 

results are almost unchanged. The "extra-layer" and the toe track algo

rithm only affect the toe region having no influence on the hydrodyna

mics far field. 

In Sa da Costa and Wilson, 1979 is presented a sensitivity analysis for 

the intrinsic factores of this technique. It is also described several 

applications of this methodology. 

4 Description of an application site 

The province of Algarve, in the South of Portugal, has in the last ten 

to fifteen years sufered a tremendous development. This development has 

two rna in components: agriculture and to uri sm. Both these activities 

demand water, and sometimes in large quantities, but water is not easy 

to get in the Algarve. As usually two sources of water are possible: 

surface water and groundwater. Due to topographic reasons, surface water 

will require the construction of dams and a large number of long cannals 

and mains, because very often it is required to import surface water, 
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this means that this type of water supply sistem will take several years 

to become operational and has a high cost. The other alternative, 

goundwater, is right in the place of consumption, most of the times, and 
in few working days could be available to both irrigation and urban 

water supply. 

As expected groundwater is supplying many communities and irrigating 

many fields, however, many of the new wells were drilled quite close to 
the coast, and almost all of them with very little, if any, study of the 

local situation in respect to ambient flow in the aquifer system or 
seawater intrusion. Lately some problems start to rise and they were 

first felt in the urban water supply. 

The main objective of this study is to predict how far the town of Vila 

Real de Santo Antonio can go in the exploitation of the aquifer without 

threatning contaminate, by seawater, the existing or future wells. It is 

also pretended with this study to determine the relationship that must 
exist between the anuual natural recharge and the amount of water that 

can be withdraw annually from the aquifer. 

Geographically, the aquifer of the dunes of Vila Real de Santo Antonio 

is located in the Southeast corner of Portugal. It is limited at South 

by the Atlantic Ocean and at East by the Guadiana River. The North and 

West boundaries are defined by a large contact with a clay and sand 
formation. The aquifer is about 6 km long and has an averaged width of 

1.5 to 2 km, the areal extent is of about 10 km 2. 

There are three important urban centers supplied by wells drilled in 

this aquifer, Vila Real de Santo Antonio, Monte Gordo and Castro Marim. 

The two first located in the aquifer zone and the third one outside. The 

last one is also partially supplied by other sources besides the aqui
fer in study. The first two centers are touristically orientated, which 

explains the great variations on the population, and its corresponding 

water comsumptions, along the year. The population off-season in the 

area is, nowadays, around 15.000 inhabitants and in the summer this 

number rises by 20.000. Population estimates for the year 2.000 show a 

population of 40.000 off-season and 82.000 during the summer. 

It is shown by records that usually the consumption increases more than 

twice, and this is explained by the climate in the region, which is 
quite dry and warm. The mean annual precipitation is 460 mm, 90% of it 

occurs from October-April, and is more or less well distributed along 
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this months. The averaged temperature is 17QC, the monthly mean has a 

minimum in December January of llQC, and from June to August this value 
ranges between 21QC and 24QC. These two factors combined with warm 

waters in good beaches bring a lot of tourists from many to October, and 

in other and make the natural recharge quite low and the evapotranspira

tion quite high. The annual natural recharge varies between 30 and 80 

mm, which is quite low for the amount withdraw from the aquifer. 

A rough estimation shows that the annual natural recharge will vary 

between 3xl05 and 8xl0 5 m3. On the other hand it is known that the 
consumption in 1980 was of the order of 106m3, therefore it must have 

some water recharge the aquifer, or the aquifer is being mined. If this 
last hypothesis is true, that is some water is being withdraw from 

storage, and this situation can not last very long. 

Geologically the aquifer is formed by a quite thin layer of sand and 

gravel, 10-20 m thick, which is commonly called the "Dunes of Vila Real 

de Santo Antonio". These dunes are covered in a great percentage by pine 

trees. The aquifer is limited underneath by a silt, clay and sand layer, 

that is believed to be quite impervious by analogy with some outcrops at 

the west side of the aquifer, since there are no permeability measure
ments. 
In this aquifer it has been drilled about 10 wells used for water supply 

and 7 more used as observation wells. Unfortunately the period of obser

vation started in some wells in 1978, however, the records are more 

reliable only after the second half of 1979. 
As a general commemt to the water level records, one can say that the 
almost steady lowering of the water level confirms the early assumption 

concerning the mining of the groundwater. This is particulary serious in 

dry years has the period 1979-1980. ·Regarding the consumptions, one can 
see that it is always rising, and that the peak season extents from May 

to October, with a maximum in August. 

5 Numerical simulation. 

The finite element grid used is presented in Figure 3. It has 100 nodes 

and 86 elements. Due to the great amount of elements, imposed by a 

certain degree of detail required in certain areas, it was decided to 
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Figure 3. Finite element grid 

use only linear sides in the elements. This procedure is less expensive 

to run, both in CPU time and core requirements, even though that more 

linear elements are necessary that if quadratic or mixed elements were 
used. 

The first runs were used to calibrate the model. Two sets of runs were 
done for calibration, one set for steady state conditions, using average 

values for the recharge and withdraw, and the other set for transient 

conditions. The variables whose changes were used to reproduce the 

piezometric heads observed were: permeability, aquifer thickness, natu

ral and recharge from leakage. 

The field information about permeability and specific yield led to the 

assumption that both parameters could be assumed uniform over the entire 

domain. The aquifer thickness is not constant, it pinchs out toward the 

north and west, nevertheless, the variations were always relatively 

small. The natural recharge was more or less well defined for the 

average year, and quite well determine for the transient case. 

The greater unknown was the recharge underneath the aquifer due to 

leakage. There is no information about the variables associated with 

this factor, like for example the extent in area of the leaky region, 

the piezometric head in the adjacent formation and the permeability of 

the 1 ea ky 1 ayer. 

Assuming no leakage and using the following parameters: 

K = 40 m/day 
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b 12 to 18 m 

n = 0.2 
Q 2 200 m3/day (withdraw distributed over 6 nodes) 

N 3x103 m3;m2/day (natural recharge distributed over the entire 

domain) 

The resulting piezometric head distribution and its comparison with the 

calculated averaged values are shown in Figure 4. 

Based on this values, that were hold constant, and trying different 
combinations for the leakage parameters it was possible to match, almost 
exactely, the observed piezometric heads. But again, it should be re

fered that, only the feeling of the geologists that studied the area 

could give some support to this hypothesis, since no data were available 

to confirm it. 

Figure 4. Comparison between fi e·l d data (--) and numeri ca 1 

simulation(- - -) 

Conclusions 

Two types of conclusions can be draw from this work, one concerning the 

model SWIM and the other concerning the application. Relatively to the 

computer code SWIM has demonstrated that is an accurate and efficient 
model for seawater intrusion in aquifers, when an immiscible interface 
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can be assumed. It is also relatively simple to use, and the toe trac

king algorithm simulates very well the extent of the seawater intrusion. 

Concerning the Vila Real de Santo Antonio aquifer it can be said that: 

the system it is quite close to its maximum production capacity; the 
drilling of new wells should be done the farthest from the shore line 

and from the existing wells; and that the influence of the annual varia

tions of the precipitation can modify the exploitation policy, however, 

the establishment of a relationship between the natural recharge and the 

water safely available from the aquifer will require more simulations, 
for several hypothesis of recharge and withdraw, and the carefull obser

vation of their results. 
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