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Abstract. 

Simulation techniques for fresh and saline groundwater flow usually are 

based on the assumption that fresh and saline water do not mix. 

However, due to dispersion mixing occurs and a zone with brackish water 

is formed. Modeling of the brackish zone is important for management of 

the fresh water reservoir in the deep aquifers along the coast in 

Holland. 

In principle convective flow models may be extended with a dispersive 

component using a random-walk method. With this method solutions for 

sharp interfaces could be used to study the width of the brackish zone, 

if additionally the velocity distribution and dispersion coefficients 

near the interface are known and the amount of salt entering the 

brackish zone. In the paper the velocity distribution in the brackish 

zone has been found with a boundary layer analysis. The analysis also 

gives an expression for the total amount of salt flowing into the 

brackish zone. An example of a random-walk simulation is included, using 

the information from the boundary layer analysis. 

1 Introduction 

The fresh groundwater lying under the dunes along the coast forms an 

important source for the drinking water supply in the west part of the 

Netherlands. Artificial recharge with ponds is applied in the upper 
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aquifer to increase the fresh water reservoir. Experiments with 

infiltration wells are carried out in the deep aquifer where both fresh 

and saline water occur (Kooiman and Uffink, 1986). Management of a 

future fresh water reservoir in the deep aquifers requires a simulation 

technique. This concerns not only the position of the interface, but the 

growth of a brackish transition zone as well. 

Problems with fresh and saline groundwater usually are studied with a 

sharp interface assumption, while mixing by dispersion is neglected. 

These purely convective flow models may be combined with a random walk 

method to include the effect of dispersion (Uffink,l985). So far this 

technique has not been used in sharp interface problems, since 

information on the amount of salt flowing into the brackish zone is 

missing and a detailed description of the velocity (and the dispersion 

coefficient) in the transition zone is not available. In this paper the 

flow in the brackish transition zone is studied in detail and the 

required information is derived from a boundary layer approximation. A 

set of first order boundary layer equations is given and reduced to a 

single non-linear ordinary differential equation by introducing 

Lagrange's stream function and a similarity transformation. This 

equation has been integrated numerically with a Runge-Kutta method. The 

solution is given in terms of the stream function, so streamlines in the 

brackish zone can easily be plotted. The flow pattern shows a convective 

flow of saline water perpendicular to the original interface. This flow 

is an important source of salt entering the brackish zone, and in most 

cases much more important than transport by diffusion. An expression 

for the flux of salt into the brackish zone is given. All data required 

for a random-walk simulation may be derived from this boundary layer 

solution. The solution is also applicable to curvilinear interfaces. In 

the last section an example is given, in which an analytical solution 

for a sharp interface (Strack,l973) is chosen and particle tracking is 

applied using the random walk to simulate dispersion in and outside the 

brackish zone. 
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2 The problem 

Consider an interface between fresh and saline groundwater under steady 

flow conditions. ii it is assumed, that fresh and saline groundwater do 

not mix, the fluid density shows a discontinuity at the interface. For 

physical reasons, however, a continuous pressure distribution is 

required. Edelman (1940) has shown, that this requirement leads to a 

shear flow along the interface (figure 1): 

Figure 1 

k 

j.J. 

Fresh P=P2 

( 1) 

~gravity 

Saline P=P1 

Here qx is the specific discharge in x-direction, ~ the dynamic 

viscosity and p the density of the fluid. k is the intrinsic 

permeability of the aquifer, S is the angle of interface with the 

horizontal and g is the constant of gravity. When mixing of fresh and 

saline water is taken into account, a sharp interface no longer occurs. 

Due to dispersion a brackish transition zone will be formed, where 

density and specific discharge vary continuously. As a first 

approximation one may assume that the density in the brackish zone is 

described by a function of y only : p = p(y). If also parallel 

streamlines are assumed (figure 2), Edelman's formula could be rewritten 

as: 

k 

j.J. 
(2) 

It will be shown that in the boundary layer approximation this 
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expression holds, even if streamlines are not exactly parallel. 

Figure 2 

/ 
/ 

Brackish 
/ 

To determine the velocity and density distribution around the original 

sharp interface, dispersion has to be taken into account. However the 

dispersion coefficient on its turn depends on the velocity, so obviously 

the problem leads to a system of coupled equations. Verruijt (1971) 

treated the problem assuming a layer between the fresh and saline water, 

with a resistance to solute transport. Verruijt's solution, however, 

does does take into account the effect of density differences on the 

flow pattern. For the one-dimensional case De Josselin De Jong and Van 

Duijn (1986) recently published a non-steady solution, in which density 

variations have been taken into account (also Van Duijn,l986). 

Figure 3 
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The problem studied in this paper is illustrated in figure 3. 

At the left hand side of point 0 saline and fresh water are supposed to 

be separated by an impermeable sheet, while at the right hand side 

mixing of fresh and saline water starts taking place. The problem is 

described in two di~ensions and is considered to be in a steady state. 

3 Basic equations 

The equation of continuity: 

ou ov 
ox+oy=O ( 3) 

Here u is written for qx/E, and v for qy/E, E being effective porosity. 

A mass balance for salt leads to: 

oc oc 
u -+ v- = V.(DVc) ox oy ( 4) 

where c is the salt concentration and D the dispersion tensor. Darcy's 

law gives: 

u = k [op 
IJ.E OX + pg sin ~] (5) 

v 
k op 

- ~ [5J+ pg cos~] ( 6) 

where p denotes the pressure. In these four equations five unknown 

variables occur p ,c,u,v,p). A 5th equation follows from a relation 

between p and c. If it is assumed that the presence of salt molecules 

does not influence the spatial distribution of the water molecules ,one 

may write: 

p p + c 
2 (7) 

The pressure p may be eliminated by cross differentiation of (5) and 

(6). Eliminating density as well with (7), the set of equations becomes: 
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oc oc 
u ox+ v oy = V.(D'Vc) 

ov __ kg [ Oc sin ~ + oc cos ~ J 
ox - ~£ oy ox 

Note that (10) expresses the vorticity rot(q/ E). 

variables are now introduced, given by: 

[u,v,X,Y,D,K,c] = [
u v 
~,~, 

2 2 

D kp2g 
X L ~] 
L' 1' ~u2 ' ~Eu2 ' c 0 

(8) 

(9) 

( 1 0) 

Dimensionless 

( 11 ) 

where aT is transversal dispersivity, 1 a characteristic length of the 

problem in x-direction and u
2 

the original fresh water velocity. The 

concentration of the pure saline water c
0 

is given by: 

c 
0 

Next, a quantity 0 is introduced, defined by: 

and a 

r 

a 
T 
1 

parameter 

pl -p2 

P2 

r by: 

In dimensionless form (8), (9) and (10) may finally be written as: 

au ov 
ox + oY = 0 

ac oc £2 
u 0x+v 0y=u V.(DVC) 

au ov oc oc 
oY - oX = - r K[oY sin ~ + oX cos ~ J 
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4 Boundary layer equations. 

In hydrodynamics the description of the viscous friction at the surface 

of a streamlined body forms a classical problem (Schlichting,l978). A 

solution based on the full Navier-Stokes equation does not exist. 

Approximate solutions are known, based on a boundary layer approach. In 

this approach viscosity is taken into account only in the vicinity of 

the surface (the boundary layer), where high velocity gradients exist. 

Outside the boundary layer viscous forces are neglected. 

The problem encountered here is similar. High concentration gradients 

occur locally near the interface, while in the hydrodynamical problem 

high velocity gradients are found near the surface of the body. Outside 

the brackish zone density differences are so small that effect on the 

flow pattern may be neglected, as is done outside the boundary layer 

with respect to viscous forces. The groundwater problem differs from the 

hydrodynamical problem at the point of the transport parameter. The 

dispersion coefficient is a space dependent variable, while in 

hydrodynamics viscosity is a constant parameter. 

The boundary layer technique is described in more general terms in 

perturbation theory (Cole, 1968; Van Dyke, 1975). In equation (16) the 

dispersion term is considered to be a perturbation. Here the order of 

the differential equation is determined by the perturbation term, which 

is known as a singular perturbation. In such a case the solution 

consists of two parts, an inner solution that holds in the domain where 

the perturbation term dominates, and an outer solution that is valid 

only in the domain where ·the perturbation term is neglectable. The 

inner-region corresponds with the boundary layer and in the hydrological 

problem it corresponds with the brackish zone. Equations for the inner

region are obtained by coordinate transformations, such that the 

perturbation term itself does not vanish if~ approaches zero. The 

transformed variables (inner-variables), denoted with , are: 

v y 
[u, 6 ,x, 6 ,c] (18) 
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With (18) equations (15), (16) and (17) are written as: 

ou + ov 
ox oY. 

0 

u oc + v oc 
ox oY. 

ou 
oY 

- r K[ 
0~ 
oY 

oc J sin ~ + 6 - cos ~ 

ox 

(19) 

(20) 

(2 1) 

First-order boundary layer equations are obtained neglecting terms of 

order o and o2 . 

Evaluating all .terms of ·the dispersion-tensor (Bear, 1972) at the right 

hand side of (20), writing molecular diffusion separately and dropping 

the term of order o and o2 yields: 

2~ 

~ cu oc) + " o c 
oY. oY. 2 

oY. 
(22) 

where A denotes the ratio between molecular diffusion and dispersion: 

v 

Here v is the diffusion-constant for salt. 

equation (21) reduces to: 

ou 
oY 

- f K°C sin ~ 
oY 

(23) 

Letting o approach zero, 

(2 4) 

This equation can be integrated with respect to Y, giving: 

A(x) - f K C sin ~ 

A(x) is obtained from the boundary condition: 

u 

c 

for Y + oo 

482 

(25) 

(26) 



Therefore A(x) 1 and (25) can be written as: 

u u
2 

- r K C sin ~ (27) 

In fact this is equation (2) in dimensionless form ,which means that the 

distribution of the flow component parallel to the original interface is 

equal to this 'generalized' Edelman equation, even though in the 

boundary layer appproximation no parallel streamlines are assumed, In 

the next section it will be shown that in the boundary layer 

approximation still there is a flow perpendicular to the original 

interface. 

The second boundary equation: 

u 

c 

is satisfied if 

r K sin ~ 

for Y -+ - = (28) 

(29) 

This is Edelman's original expression (1) in dimensionless form. This 

equation is always satisfied, since the inner solution should match with 

an outer solution, based on a sharp interface assumption. Note that in 

the inner region y-coordinates are stretched due to transformation (18), 

so ,if Y goes to infinity, they-coordinate itself remains finite and 

in fact will be quite small. The first-order equations now become: 

au + ov 
ax a'Y 

0 

u ££ + v oc = 

ox oY 

u r K C sin ~ 

(30) 

(31) 

(32) 
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5 Stream function 

Because of (30) a stream function exists for which (Verruijt,l970): 

u i'l'¥ 

i'lY 

and v = i'l'¥ 

i'lX 
(33) 

If C is eliminated from (31) and (32) the equations may be reduced to 

a single partial differential equation: 

6 

i'l'¥ 

oY 
+ (3 4) 

Similarity transformation 

In many boundary layer problems a similarity transformation is used, 

given by: 

y 
T] 

lx (35) 

and 

'¥ 
£( T]) -

IX (36) 

so 

i'l'¥ 
£' i'l'¥ = - T] f'-f 

o'Y ox 2/x 

2 2 
i'l '¥ = fl I 
~2 lx i'lY 

i'l '¥ -~ 
i'lXi'lY 2 X 

(37) 

3 
i'l '¥ f' I I 

o'Y3 = 
X 

where f' (n) stands for df/dn 

This transformation reduces (34) to the following ordinary non-linear 

differential equation: 
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7 

If 

f'" [2f' + n] + f" [f + 2f" J 

h f 
l 

h 
2 

f' 

h f'' 
3 

Numerical integration 

0 (38) 

(39) 

a set of three first order ordinary differential equations equivalent to 

(38) is obtained: 

h' h 
l 2 

h' 
2 

h ' 3 

h 
3 

h (h +2h ) 
3 l 3 

2h2 + 2A 

(40) 

This set of equations has been integrated numerically with a Runge-Kutta 

method, using the boundary conditions for the case, where the saline 
- -

water has no flow component in X direction, so u1 ~ 0: 

f' 0 

f' I for 11 -+ - oo 
( 41) 

we also have 

f - -> 

f' - -> 1 for 11 -+ + oo (42) 

To perform the integration a set of starting values ~ 0 ,f0 ,f~,f~') is 
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required. 

Starting values· 

As far as n
0 

is concerned, it is observed that(38) is autonomous, which 

means that, if f(n) is a solution, f(n-b) is a solution also, b being an 

arbitrary constant. A choice of b influences the position of the 

streamline~= 0 (or f = 0), since b corresponds to a shift of the whole 

solution on then-axis. In this paper we have chosen b such, that the 

line ~ 0, representing the original interface, coincides with the line 

Y = 0, so in fact: 

f(O) 0 (43) 

A full discussion on this aspect of the problem cannot be given here 

because of the length of the paper. A starting value f
0 

is not 

available, but may be determined with the "shooting method" using the 

boundary condition f' ---,;;;. 1 for n -.;;. oo as aim "to shoot at". The 

shooting method results in the following starting values n 
0 

an f
0 

A f n 
table 0 0 

0.5 -1. 1209 -7.5125 

0.2 -0.8953 -5.0355 

0.1 -0.8050 -3.8414 

0.05 -0.7554 -3.0855 

0.02 -0.7238 -2.5336 

0.01 -0.7196 -2.3184 

0.005 -0.7074 -2.1990 

0.002 -0.7041 -2.1201 

0.001 -0.0730 -2.0912 

The case A = 0.02 has been investigated in detail. Figure 4 gives the 

velocity components U and V , while in figure 5 streamlines are 

plotted. 

The value of the stream function in the saline water is: 

s 
f /x 

0 (44) 
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Figure 4 
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From Table 1 it follows that this value is always negative. With 

increasing X, ~ s decreases further. Physically it means, that the 

amount of water flowing in X direction increases compared to the 

original amount of fresh water flowing along the impermeable sheet. An 

explanation is shown in figure 5, where streamlines are coming "upward" 

from the saline water adding water (and salt) to the brackish zone. 

This transverse flow component is equal to 

v 
T] f' - f 

(45) 

z/x 

Substitution of f'(n
0

) f
0 

leads to: 

f 

vcn ) 
0 

0 (46) 

z/x 

It is noted that this result does not depend on the value chosen for n
0 

The salt flux along the interface is given by: 

C V(TJ ) 
0 0 

Saline 

c u f Ia x 
o 2 o T 
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8 Curvilinear coordinates 

The analysis above may also be carried out for a curvilinear interface. 

In that case also curvilinear coordinates are used as shown in figure 6. 

interface 

Figure 6 

In this case the angle of elevation S is a function of s s s (s) 

Using a transformation: 
1 s 2 n 

I; = - J sin ~(s) ds and " 6L 
(48) 

L 0 

and neglecting transport by diffusion (A = 0) the problem can be handled 

in the same manner as shown before, leading to the equation: 

f" [f+2 f"] +2 f"' f' 0 (49) 

which is equation (38) for A 0. In this case however: 

f 

TJ 
't sin ~ 

II; 

The salt flux along the interface is given this time by: 

9 

C V(TJ ) 
0 0 

c u f /a I; 
o 2 o T 

Random walk . 

(50) 

(51) 

(52) 

The principle of the method proposed in this paper is illustrated by an 

example based on an analytical solution for a (sharp) interface in the 

case of a drain infiltrating fresh water above a body of stagnant saline 
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water. The upper boundary consist of an equipotential line. 

solution, given by Strack (1973), will not be discussed here. From 

This 

the 

solution the convective flow components are derived and particle 

tracking has been applied using the random-walk approach (Uffink,l985) 

to take dispersion into account (figure 7). The convective flow of the 

particles close to the interface is corrected using the velocity 

distribution found by the boundary layer approximation (figure 4). In 

the brackish zone particles are followed as they flow along the 

interface. They are traced as well, when they leave the transition-zone. 

Further work will be done to study upconing. Upconing problems treated 

with a sharp interface may answer questions like, when the pure saline 

groundwater enters the pumping well. However, long before that moment 

the water already will be unsuitable as a source for drinking water. It 

may be expected that with random walk technique question like this may 

be answered in a more detailed sense e.g., at what pumping rate the 

upper part of the brackish zone starts entering the well. 

Figure 7 

brackish zone 
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