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Abstract 

Methodology based on a consistent approximation for calculating for vertical 

velocity in a variable density fluid is required to successfully simulate 

narrow transition zones between freshwater and saltwater with a solute 

transport model. The need for local fluid density and numerical vertical 

pressure gradient to be accurate and consistent with one another in order to 

avoid artificial velocities in regions of high density gradients applies to 

finite-element and finite-difference models as well. Classically, only cases 

involving wide transition zones have been simulated with transport models. 

Moreover, adequate spatial discretization is required to allow simulation of 

the low transverse dispersivity related to flow in both isotropic and 

anisotropic aquifers. The available tests for the correctness of 

density-dependent transport simulators are inadequate to check for consistency 

of the approximations. and the accuracy of density-driven flow. Additional 

tests are suggested by the analysis. 

The flow of fresh and saline ground water in the layered basalt aquifer of 

Southern Oahu, Hawaii, is simulated in cross section with the USGS-SUTRA 

finite-element model of two-dimensional, density-dependent flow and transport 

that is based on a consistent velocity approximation and that satisfies the complete 

series of tests. This simulation has the unique aspect that not only is a transport 

model is applied to a complete regional flow system, but results are obtained for 

the difficult but common case where the transition zone is broadly dispersed 

11ear the discharge or pumping area, and is very narrow elsewhere. Simulation 
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with an inconsistent velocity approximation gives incorrect results for this 

system. The hydrologic analysis of Southern Oahu based on this simulation 

is described in a companion paper in this proceedings. 

Introduction 

The problem in analyzing a regional aquifer system containing a narrow 

transition zone between freshwater and saltwater with a density-dependent 

fluid flow and dissolved solids transport model is two-fold: (I) The adequacy 

of the dispersion theory is not certain and values of dispersion parameters 

are neither well known nor may they be directly measured at the regional 

scale. Clearly, the transport simulation must be successful before a study of 

the adequacy of old and new dispersion models and the determination of 

field parameter values can be undertaken. Further, investigation of the 

physical reasons for the structure of a particular transition zone may be done 

only after careful fitting of model hydraulics to the field conditions. 

(2) Transport codes have considerable difficulty simulating the movement of 

narrow concentration fronts o,n a regional scale. The difficulties are: 

a) instabilities in the numerical solution when tracking a narrow front, 

b) inability to maintain the sharpness of a front due to insufficient 

discretization, and c) significant numerical errors in calculating fluid velocity 

within narrow transition zones causing broadening of the zones. 

Classically, the problems inherent in transport simulation of systems containing 

narrow portions of transition zones are skirted by basing analysis on a variety 

of sharp interface approximations. The various areal and cross-sectional 

approaches are reviewed by Reilly and Goodman (1985). While not minimizing 

the great value of such approaches in representing fundamental aspects of 

aquifer system dynamics, they do not account for the often significant effect 

of the mixing process on the structure and position of the transition zone, 

nor do they allow prediction of the concentration of seawater arriving at 

water supply wells. The impact of these limitations is clear when considering 

that water of potable quality contains less than about one percent seawater. 

On the other hand, regional scale analysis based on transport simulation is 

capable of representing system dynamics including the effects of mixing, as 

founded on current theories of dispersion in aquifers, and is capable of 
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making predictions of concentration. However, transport simulations have 

typically dealt with transition zones that are quite broad on the regional 

scale (on the order of aquifer thickness). These include analyses reported by 

Lee and Cheng (1979), Segal and Pinder (1976), Volker and Rushton (1982), 

Frind (1982b), and Lebbe (1983). While some authors (Volker, 1980, and 

Frind, 1982a) have shown results for narrower transition zones, it may be 

questioned whether broad transition zones are typically chosen as candidates 

for transport simulation analysis to avoid the numerical problems in 

representing narrow zones, or whether inaccuracies in variable-density 

transport models give broad transition results that are accepted for lack of 

definitive field data that shows otherwise. Often in regional aquifers, the 

transition zone is quite narrow except in areas that undergo pumping or 

recharge, discharge and tidal stresses. The ability to simultaneously simulate 

the dynamics of both narrow and broad portions of the transition zone is 

vital to hydrologic analysis and water supply prediction in such cases. 

This paper describes a numerical modeling approach that deals with the 

problems inherent in the representation of freshwater and saltwater systems. 

The approach guarantees a regional-scale transport simulation of narrow 

transition zones with minimal numerical dispersion. Through application of 

the modeling approach to the Southern Oahu aquifer, Oahu, Hawaii, it is 

demonstrated that successful transport simulation combined with a 

parsimonious fit of hydraulic parameters to field conditions provides an 

excellent tool for hydraulic investigation. 

Theory 

The solute mass balance per unit aquifer volume at a point in the aquifer is 

given by: 

ac [ J * EP at+ Ep~· ~C- ~· Ep(Dm~ + !?) ·~C = Qp(C- C) (1) 

where: 
C(x,z,t) is solute concentration as a mass fraction, (mass solute/mass 

fluid) in units [Ms /M], where [Ms] are units of solute mass 

and [M] are units of fluid mass, 

E(x,z) is aquifer volumetric porosity, [1], 

~(x,z,t) is fluid velocity, in units [L/T], where [L] are length units 
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and [T] are time units, 

Dm is molecular diffusivity of solute in pure fluid including 
2 

aquifer material tortuosity effects, in [L /T] units, 

I is the identity tensor [1], 
2 

~(x,z,t) is the dispersion tensor, in [L /T], 

QP (x,z,t) is a fluid mas~ source, (mass fluid/aquifer volume/time), in 

units of [M/L · T], 

C*(x,z,t) is concentration of solute as a mass fraction in the source 

fluid, [Ms/MJ, 
s 3 

p(x,z,t) is fluid density in units [M/Lf] where [Lf] is fluid volume, 

and density is given as a linear function of concentration: 

Bp 
p = Po + - (C- C ) ac o 

where: 
p

0 
is fluid density where C = C 0 , 

C0 is a base solute concentration, and 

BpI ac is a constant coefficient of density variability. 

Darcy's Ia w gives the mass-average fluid velocity as: 

where: 

v = - [ ~ ] . (~p - p~ 
Ejl. 

~(x,z) is the permeability tensor, in units [L ] 

1J. is fluid viscosity, in units [M/L · T] and 
2 

~ is the gravity vector, in units [L/T ] 
2 

p (x,z,t) is the fluid pressure in units [M/L · T ] 

(2) 

(3) 

The mass balance of fluid per unit aquifer volume at a point in the aquifer, 

assuming the contribution of solute dispersion to the mass-average flux of 

fluid is negligible, is given by: 

[ 
S ] Bp ...:::..s-+pS -+ 

bigl op at 
ap ac 
ac at + ~ ·(ep~) = QP (4) 

Substitution of Darcy's law (2) for mass-average velocity in the fluid mass 

balance (4) gives: 

[b ~; 
1 

+ pS0 p] :~ + E :~ :~ • V · [ [ ;p ] · (~p- p~] = Qp (5) 

This form of the fluid mass balance allows a cross-sectional model to include 

both fluid storage at the water table (Sy term) and compressive fluid storage 
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where: 

where: 

where: 

sy (x,z) is the water-table specific yield [(volume fluid released/aquifer 

volume) for unit drop in hydraulic head] in units [1], 

b(x,z) is the effective thickness of the water table aquifer in units 

[L], 
2 

1 g 1 is the magnitude of gravitional acceleration in units [L/T ], 

2 -1 
S0 P is the specific pressure storativity in units of [M/(L · T )] and 

sop= (1-e) ex + el3 (6) 

ex is porous matrix compressibility in units [M/(L · T )] and 
2 -1 

13 is f1 uid compressibility in units [M/ (L · T ) ] 

The water table is modelled as a finite thickness layer (of height b(x)) that is 

superposed at the top of an aquifer modelled in cross-section, in which SY is 

non-zero. The dispersion tensor in two spatial dimensions is given by: 

D 

where: 

Dxx = [ ~) [dLv~ + dTv~) 
v 

Dzz = [~) [dTv~+dLv~) 
v 

Dxz = Dzx [ ~] [dL-dT] [vxvz] 
v 

where: 
dL exLv 

dT exTv 

v is the magnitude of velocity and: 

exL(x,z,t) is longitudinal dispersivity in units [L], and 

exT (x,z) is transverse dispersivity in units [L]. 

Consistent Velocities 

(7) 

(8) 

(9) 

(10) 

( 11) 

(12) 

When the governing equations are solved by a numerical method, velocities 

must be evaluated at points within the modelled region to calculate the solute 

advective term and the velocity-dependent dispersion tensor. 
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A contradiction in approximation of 

finite-element method and sometimes in 

velocity arises in the Galerkin 

a finite-difference method. The 

contradiction gives rise to artificial vertical velocities in the case where both 

pressure and density are allowed to vary linearly (or have the same order in 

space) in the vertical direction across an element or cell of the spatial grid. 

This contradiction may be the reason for previous difficulties with simulators 

solving for pressure and concentration which employ velocities that are 

discontinuous from element to element (Segol, et a!, 1975). This contradiction 

may also cause problems in simulators based on other hydraulic variables 

such as equivalent freshwater head, or a quasi-stream function. The 

contradiction is most clearly demonstrated by consideration of hydrostatic 

conditions for an element in which pressure and concentration are allowed to 

vary linearly from the top to bottom of the element. If the pressure at the 

top of an element with height, H, is zero, then the bottom pressure, under 

hydrostatic conditions, is given by PB=PA VG · 1 g 1 H, where PA VG is the 

average density of fluid in the element. If linear relation (2), holds between 

density and concentration, then when the concentration varies linearly from 

top to bottom, the density does as well. If the density changes linearly, the 

pressure must change quadratically in order to maintain hydrostatic 

equilibrium. However, the discretization for pressure allows only a linear 

change across the element and a linear constant pressure change exists only 

under conditions of constant fluid density. Combining a linear change in 

density with a linear change in pressure in relation (29) would result in an 

upward velocity calculated at points in the upper half of the example 

element and in a downward velocity in the lower half. A zero velocity 

exists at the element centroid, however, as the density and pressure gradient 

are consistent at this point. The artificial velocities calculated within a 

finite element because of inconsistent discretization of pressure gradient and 

density would disperse a sharp transition zone even under hydrostatic 

conditions. Only employing PAVG at all points in the element, in lieu of 

p(C), would yield a calculated value of zero vertical velocity throughout the 

element. Artificial velocities of hundreds of meters per year easily arise as 

shown in the subsequent discussion related to model verification. 

An artificial velocity would be calculated in any numerical method whenever 

allowed spatial variability of pressure gradient and density are not consistent. 
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This discrepancy arises both in the Darcy's Law terms of the fluid mass 

balance, (5), and in evaluation of fluid velocity, and it generates artificial 

velocity-dependent dispersion coefficients (11) and (12). If density is allowed 

to vary spatially in the vertical direction as an (N)th power polynomial, then 

pressure must be allowed to vary as an (N + 1) th power polynomial in order 

that the pressure gradient be consistent and vary to the (N)th power. For 

finite elements and a linear density-concentration relationship, this would be 

satisfied by a choice of linear basis function discretization for concentration 

and quadratic basis function discretization for pressure. Quadratic basis 

functions, however, significantly increase computational expense and another 

approach is preferable. 

Another approach may be found for finite elements by observing that strictly 

the requirement of consistency governs the choice of discretization only in 

the coordinate direction parallel to the direction of gravity. In other 

directions the density-gravity term drops out of both the fluid mass balance, 

(5), and the velocity calculation based on (3). Thus, within an element, a higher 

order approximation for density may be employed horizontally than vertically. 

Such an approach is described in Voss (1984). 

Density-dependent Model Verification 

Density-dependent transport models are typically verified by comparison with 

the Henry (1964) approximate analytic solution for steady-state saltwater 

intrusion. No model to date has successfully matched the Henry solution 

even for simulation times which approach steady state. However, a number of 

numerical models based on significantly different methods give simulated 

results nearly identical to one another for the Henry problem. These include 

a particle tracking model by Pinder and Cooper (1970), finite-element models 

by Segol, et al (1975), Huyakorn and Taylor (1977), Desai and Contractor (1977) 

and Frind (1982a), a finite-difference model by INTERA (1979), and the 

USGS finite-element/integra ted -f ini te-diff erence model, SUTRA (Voss, 1984 ). 

This evidence indicates some inaccuracy in Henry's results that may be due 

to missing higher order terms which were originally dropped by Henry for 

the sake of reducing computation time. A more accurate semi-analytic 

calculation would now be practical to carry out on high speed computers. 
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While verification of a model by exact comparison with Henry's results is 

not possible, some confidence in the accuracy of a particular model may be 

gained if it matches the results of the above listed suite of models. 

The Henry problem involves fresh water in a confined aquifer discharging to 

a vertical open sea boundary over a diffuse wedge of salt water that has 

intruded the aquifer. Figure I describes the physical system. Dispersion is 

approximated in the simulations by using a large constant value of molecular 

diffusivity and zero dispersivity. The comparison between various models and 

the Henry solution must be shown in a few figures as some authors have 

published either a different representation of the solution or have used 

different parameter values. The parameters chosen to match Henry's 

dimensionless values and the other simulations are: 

Ps 

Bp 

ac 

Po 

= 0.35 

[
kg (dissolved solids) J 

0.0357 
kg(seawater) 

3 
1025.[kg/m] =seawater density 

2 

700. ~ 
kg(seawater) ] 

kg dissolved solids. m
2

) 

3 
1000. [kg/m ] 

-2 

-9 2 
k 1.020408 x I 0 [m ] 

-2 
(based on K= 1.0 x 10 [m/s]) 

2 
ljil = 9.8 [m/s] 

B 1.0 [m] 

6.6 x 10 [m 
2
/s] l two 

Dm= -6 2 
18.8571 x 10 [m /s] cases 

OrN= 6.6 x 1 o [ kg/s] CrN= o.o 
-5 3 

The total fresh water recharge is chosen as 6.6 x 10 (m js) per meter of 

cross-section thickness. Two different values of a total dispersion coefficient 

to have been used by the various authors. For the chosen total recharge 

rate, and Henry's non-dimensional factor of total dispersivity divided by 
-6 2 

recharge equal to 0.1, the total dispersivity must be 6.6 x 10 (m js). Because 

total dispersivity for the SUTRA model, (relation (I)) in the case of no 

velocity-dependent dispersion, is given by a product of porosity and the 

molecular diffusion coefficient, the diffusion coefficient should be set to 
-6 2 

to 18.8571 x 10 (m /s) when the porosity is 0 .35. This gives a simulated result 

for the concentration at the bottom of the aquifer after I 00 minutes 
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Figure 1. Boundary conditions and finite-element mesh for 
Henry (1964) solution. 
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numerical results of Huyakorn and Taylor (1976) 
and SUTRA. 
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(essentially steady state) as shown in Figure 2, where a comparison is made with 

steady state results from three different models of Huyakorn and Taylor (1977). 

The same parameters give a concentration distribution in space as shown in 

Figure 3. Here, the Henry solution for the 0.5 isochlor is compared with 

results of Segol, et al (1975) and results from new simulations using SUTRA 

and the INTERA (1979) transport code. Mesh blocks were 0.1 (m) by O.l(m) 

for both the SUTRA finite-element solution and the INTERA solution which 

was done with both centered-in-time and centered-in-space finite-difference 

approximations. SUTRA and INTERA results are nearly identical but do not 

compare well with Segol and Henry. Moreover, the SUTRA results do not 

approach the Henry solution even for simulations lasting thousands of minutes. 
-6 2 

Assigning a value of 6.6 x 10 (m /s) to the molecular diffusivity would give a 
-6 2 

total dispersivity of 2.31 x 10 (m /s) when the porosity is 0.35. This diffusivity 

value, rather than that which Henry used appears to have been employed by Pinder 

and Cooper (1970), Segol, et a! (1975), Desai and Contractor (1977), and Frind (1982a). 

Published results for these models and SUTRA using the molecular diffusivity 
-6 2 

value 6.6 x 10 (m /s) are compared to the Henry solution in Figure 4. Simulated 

results are nearly identical including those of Desai and Contractor (1977) who 

employed a coarser mesh than the others. None of these solutions compare 

well with Henry's. 

Through the preponderance of simulators that have identically matched 

results for the Pinder-Cooper version of the Henry problem, this has become 

the standard test for all density-dependent transport models. However, because 

of the unrealistically large amount of dispersion introduced in the solution by 

the constant total dispersion coefficient (required to make the analytical 

solution converge), this test does not check whether a model is consistent, nor 

does it check whether a model is accurate in the more realistic field situations 

with relatively narrow transition zones. In fact, experiments show that 

Henry problem results are the same for both non-consistent and consistent 

discretization of the terms involved in the velocity calculation. Thus, when the 

transition zone is broadly dispersed and concentration gradients are low, the 

artificial velocities created by the non-consistent approach are insignificant 

compared with the field velocities, and the artificially-generated velocity-dependent 
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dispersion due to the artificial velocities is small relative to the total dispersion. 

In the case where the transition zone is narrow, artificial velocities do have a 

significant effect on the transport solution. This is especially true for long 

term or steady state simulations in which very small velocities can strongly 

affect the solution. The magnitude of artificial velocity at the top of 

an element may be calculated to be v = (I/2)(k 1 g 1 t.p/ E IL), where t.p is the 

difference in density from top to bottom of the element. For example, when 
-11 2 

permeability corresponds to that of silty sand, k = 10 m with porosity, 

E = .1, and an element changes from fresh water at the top to sea water 
3 

at the bottom (t.p = 25 ·(kg/m ) ), the artificial velocity is about 380. (m/yr). 

In simulating such a system with the non-consistent method, the particularly 

sharp transition zone initially contained in one element would artificially 

begin to broaden at a rate of 760. (m/yr), even when no other natural 

velocities were superimposed on the system. Moreover, the velocity-dependent 

dispersion coefficients, relations (7) to (12), take on large non-zero values 

based on the artificial velocities, and further disperse the sharp transition 

zone. This is clearly unacceptable for steady-state simulation, and, depending 

on the geometry and scale of the system, would cause significant errors in 

simulations of a month or more. 

Two additional tests are suggested in order to test for consistency: first, 

steady-state simulation of a completely closed horizontal aquifer containing a 

horizontal layer of fresh water above a layer of salt water; and second, 

steady-state simulation of the same system with open vertical sides and 

perfectly uniform horizontal flow. (I) The first additional test simply checks 

for consistency under hydrostatic conditions with a stable density 

configuration and no flow allowed across any boundaries. The choice of 

geometric scale and hydraulic parameters is not important because the system 

goes to steady state. Longitudinal and transverse dispersivities should be set 

to values equivalent to the length of the largest finite element; diffusivity 

should be set to zero. The correct solution is obtained only if the pressure 

gradient and density-gravity terms are consistent and is uninteresting to view 

as the transition zone should remain fixed in one row of elements. (2) The 

second additional test checks for consistency in a system where flow is 
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perfectly parallel to the transition zone and to the mesh. The simulation 

should be carried out with a longitudinal dispersivity of half the horizontal 

mesh spacing and a zero transverse dispersivity and diffusivity. The correct 

steady state solution is also uninteresting to see as the transition zone should 

remain in the same single row of elements. Inconsistent approximations 

would result in spreading of the sharp interface in both cases. 

The numerical results of Elder (1967) for a problem of natural convection 

make up a useful basis for a test to check transport simulators in the 

case of flow driven purely by fluid density differences. While Elder (1967) 

dealt with thermally-driven convection, the solute analog to his 'long-heater 

problem' is a closed rectangular box, modelled in cross-section, with a source 

of solute at the top implemented as a specified concentration boundary 

condition (Figure 5), and concentration specified at zero along the entire base. 

Solute enters the initially pure water by diffusion, increases its density, and 

thereby begins a circulation process. A zero value of pressure is specified at each 

upper corner. The following data is used to match Elder's dimensionless results: 

0.1 lgl 9.81 (m/s ) 
-19 2 

k 4.845 X 10 (m) Dm 3.565 X 10 
-9 

jJ. 1.0 X 10 (kg/m ·S) cxL exT= 0 
9 

C initial = 0 p = 1000. (kg/m ) + (200.) C 
9 

Note: Pmax (C = Cmax) = p (C =I) = 1200. (kg/m ) 

-6 2 
(m /s) 

Figure 6 compares results of simulation with SUTRA (mesh: 44 elements 

horizontally, 25 elements vertically) to those of Elder (1967) for solute 

concentrations. The results compare very well, spatially and through time, 

showing that both numerical solutions give like representation of the complex 

density-driven flow and solute transport behavior. As with the Henry 

problem, comparison of simulation results with other numerical solutions (such 

as Elder's) gives confidence in the accuracy of the simulation. 

Example - Southern Oahu, Hawaii 

The USGS finite-element /integrated-finite-difference model, SUTRA (Voss, 

1984), with consistent velocity terms is applied for simulation of flow and 

saltwater movement in the Southern Oahu aquifer near Honolulu, Hawaii. 

The simulation problem is difficult, as the transition between freshwater and 
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Figure 5. Boundary conditions for Elder (1967) problem. 
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Figure 6. Comparison of concentration results for Elder 
(1967) problem, showing 20% and 60% of 
maximum concentrations. 
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saltwater is expected to be extremely narrow inland, although it is broad 

near the coast. Because important hydraulic boundaries are relatively close to 

areas of interest near pumping centers, the entire aquifer must be simulated, 

including both narrow and broad portions of the transition zone. In a 

hydrologic model of the Southern Oahu aquifer, a consistent velocity 

approximation is a vital factor in successful simulation. A more comprehensive 

description of the hydrologic modelling of the than what follows is given in 

a companion paper in this proceedings by Souza and Voss (1986). 

The Southern Oahu basaltic aquifer is composed of thinly-bedded lava and 

rubble layers. Regionally the aquifer is very thick and quite permeable. The 

aquifer fabric may be expected to have anisotropic permeability between 10:1 

and 1000:1 due to the layered structure, although the regional anisotropy 

value is not yet well established. Near the coast, and below the sea, the 

basalt is semiconfined by a wedge of interlaced sediment and coral 

formations, referred to as the 'caprock' (Figure 7). Primary recharge occurs 

over the Koolau mountains where significant intrusions of vertical dike walls 

into the horizontal beds make horizontal flow difficult. The dike-intruded 

region is considered a no-flow boundary that contributes a large specified 

recharge to the basalt aquifer. Discharge in the undeveloped state of the 

aquifer occurs primarily at springs along the inland edge of the caprock. 

Some diffuse discharge is expected as upwards leakage through the caprock into 

the sea. A cross-sectional model is highly appropriate for representation of 

system behavior because of the region-wide nearly uniform flow field. 

The finite element mesh for the cross-section consists of a region of very 

fine vertical discretization (15.24m) in the region of the aquifer where the 

transition zone between freshwater and saltwater is expected to reside. This 

allows sufficient discretization to represent the thin portion of the transition 

zone. Below this region, concentrations, velocities and pressures change very 

slowly in space and coarse discretization is sufficient. Pressure changes and 

converging high fluid velocities occur near the edge of the caprock; thus, 

horizontal discretization is increased in this region to a horizontal spacing of 

304.8m. Although regional longitudinal dispersivity is expected to be less 

than lOO.m, horizontal spacing may greatly exceed the stability limit (400.m), 

based on a mesh Peclet number of four, because lines of constant 
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Figure 7. Typical cross-section of Southern Oahu aquifers. 

509 



concentration will, for the most part, parallel the flow directions. All 

boundaries of the mesh are closed to flow except where fresh water recharge 

is specified at the back of the aquifer. The mesh boundary is also open 

where pressure is specified to be zero below the sea, and at hydrostatic 

pressure where the mesh is arbitrarily cut off on the seaward end. Based on 

the results of a parsimonious model identification (Souza and Voss, 1986), the 

following parameters define the one-meter thick representation of the system . 

Q inflow 

K horizontal 

.404kg/s 

457.2 mjday 
-2 

Ks = (K horizontal)(lO ) 
-4 

K caprock= (K horizontal)(lO ) 

E .04 
3 

p0 = 1000. (kg/m ) 

s 
Bp/BC = 700. (kg/m ) 

Sy . 04 
-9 2 -1 

a 2.5 X 10 (kg/m·s ) 
-10 2 -1 

13 4.47 X 10 (kg/m·s ) 
-3 

f./. 1.0 X 10 

aL = 76.m 

aT = 0.25m 

C seawater 

(kg/m ·S) 

0.0357 
3 

p seawater 1024.99 (kg/m ) 

where K is hydraulic conductivity, and C is the dissolved solids concentration 

as a mass fraction, and Ks is the hydraulic conductivity of the vertical seaward 

boundary in the basalt aquifer. 

The simulated concentration distribution (for anisotropy value of horizontal 

divided by vertical conductivity, Kh/Kv = 200.) for predevelopment steady-state 

conditions is shown in Figure 8 to scale and in Figure 9 with vertical 

exaggeration. The transition zone is extremely sharp inland, as expected, and 

gradually broadens near the caprock. These solutions are impossible to obtain 

with an inconsistent velocity approximation (standard Galerkin method). 

Experiments show that neither low values of dispersivity nor high anisotropy 

(Kh/Kv) allow a relatively narrow transition zone to be simulated. The 

artificial velocity and resultant dispersion generated by the inconsistent 

approximation gives highly incorrect results. However, an accurate simulator 

based on a consistent velocity approximation provides a fundamental tool for 

hydrologic analysis of the system as described in the companion paper (Souza 

and Voss, 1986). 
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Figure 8. Simulated pre-development distribution of total 
dissolved solids (as percent seawater) for 
Southern Oahu aquifer (to scale). 

0 3000 6000 9000 12000 

Figure 9. Transition zone as simulated for pre-development 
conditions (concentration as percent seawater) 
for Southern Oahu aquifer (not to scale). 
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Discussion 

The problem of cross-sectional transport simulation analysis of a freshwater

saltwater aquifer system including a relatively narrow transition zone has not 

previously been approached. Most published analyses either deal directly with 

the case where data indicates a broad transition zone, or give simulation 

results that imply a broad zone in the absence of data. The question must 

be asked whether these analyses have accurately represented the transverse 

dispersion process (albeit given by the standard dispersion model) that is the 

primary force which creates a . narrow or broad structure of the transition 

zone in such systems. A narrow transition zone amplifies any inconsistencies, 

inaccuracies or instabilities inherent in a given simulation model. The likely 

sources of simulation error are three-fold: (1) Vertical discretization is 

typically too coarse for the desired level of transverse dispersion. (2) 

Inconsistent approximations of terms involved in the fluid velocity calculation 

can lead to large artificial velocity and dispersion components in a 

simulation. (3) The process of flow driven by density differences in the 

fluid may not be accurately represented by the simulation. Tests typically 

used to verify such models do not verify that a given model is free of the 

above sources of error. 

The following modelling approach rectifies these difficulties: (l) Vertical 

discretization must be on the order of the transverse dispersivity value when 

flow is predominantly horizontal. Transport simulation studies should always 

begin with a steady-state simulation for the case of zero transverse dispersion 

to check for the sharpest transition zone possible with a given mesh and flow 

field. (2) A numerical method that gives a consistent velocity approximation 

must be employed. The standard Galerkin finite-element method gives an 

inconsistent velocity approximation that can generate overwhelming artificial 

velocities in a simulation. Finite-difference methods may or may not be 

consistent depending on the particular approach used. (3) Two new model 

tests for consistency of the velocity approximation are suggested. These 

simulate a simple system with a sharp interface that should remain sharp for 

all time. (4) The Henry (1964) seawater intrusion problem serves only as a 

most simple basis for verifying a variable-density transport code. The test 

does not check for consistency. Because of the unrealistically high level of 
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dispersion in this problem, the Henry problem does not serve as a sufficient 

verification of the accuracy of a transport simulator for typical field systems. 

(5) The Elder (1967) natural convection problem is suggested as a test for 

verification of the accuracy of simulation of flow driven purely by density 

differences in the fluid. While an analytic solution of this problem is not 

available, the Elder test serves to build confidence in a simulator by 

comparison with results of other simulators. 

A variable density flow and solute transport simulator based on a consistent 

velocity approximation, when verified with the before-mentioned tests, and 

when used with proper spatial discretization is a state-of -the-art tool that can 

give excellent results for a range of difficult problems at various scales of 

analysis. An interesting case in point is the simulation analysis of the regional 

aquifer of Southern Oahu, Hawaii, that contains both narrow and broad sections 

of a transition zone. This analysis is described in a companion paper: Souza 

and Voss (1986). 
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