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Solving varying density groundwater problems with 
a single density computer program 

ABSTRACT 

C. MAAS* 
M.J. EMKE** 

Although the principles of density-effected groundwater flow are nowadays well understood, adequately 
documented computer codes are still only scarcely available. Fortunately, single density computer pro
grams are adequate enough to solve rather general regional varying density problems. It is shown that 
both gradually varying densities and sharp interfaces can be handled, provided that displacement of 
fluids is negligible during the period of observation (this does not imply steady flow!). Density can 
then be regarded as a soil property. The essential feature of the method is a suitable transformation of 
input variables and boundary conditions, which can be performed by a simple preprocessing program. 
The technique is illustrated by two elementary interface problems with known analytical solutions. 
Subsequently, this paper presents an application of the method to the catchment area of the Amsterdam 
Waterworks. All calculations are performed with the original version of the USGS groundwater program 
MOD FLOW, without any adaption of the source code. 

1. INTRODUCTION 

Brackish groundwater at shallow depths in coastal 
regions influences fresh-groundwater heads. 
Although this statement is obvious, well docu
mented computer codes for regional groundwater 
problems involving varying density are still only 
scarcely available. Conversely, there exists an 
abundance of single density codes. Many investi
gators working in coastal regions are led to use 
single density models and apply some correction 
technique afterwards, to compensate for intrinsic 
errors. Various correction techniques can be 
found in the literature, e.g. SANTING (1980). 
Such an approach, when applied by skilful hydro
logists, may yield quite acceptable results. 
Nevertheless, no correction technique is internally 
consistent and the investigator (or his client) is 
ultimately left with questions as to the reliability 
of the outcome. 

* 

Nowadays, there is a tendency among water 
managers to expect the hydrologist to forecast 
groundwater heads with an accuracy of a few 
centimetres or less, especially when ecological 
values come into play. This trend seems to 
make the use of single density codes less attrac
tive in coastal regions. The most rigorous ap
proach, of course, is to abandon the familiar 
models and move on to more advanced ones. 
Before the reader decides to take this sweeping 
measure, the authors take the opportunity to 
point out that for many problems involving vary
ing densities a single density code can still 
produce accurate results, even so without poste
rior corrections. Especially when the density 
distribution does not change appreciably during 
the simulation period, density can be regarded as 
soil constant, and it will be shown that almost 
any regional groundwater program can handle this 
kind of problem, without changing a single line. 
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** Amsterdam Waterworks (now at IWACO, POB 183, NL-3000 AD Rotterdam, The Netherlands). 
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2. CHANGING FROM POTENTIAL HEAD 
TO PRESSURE HEAD 

It has been known for a long time (DE JOSSE
LING de JONG, 1960) that the usual potential 
head of groundwater flow is no longer single 
valued, hence physically meaningless, when 
density varies from place to place. KNUDSEN 
(1962) therefore proposed to formulate varying 
density problems in terms of fluid pressure 
(which by its nature is single valued) and this 
approach was commonly adopted. We will follow 
Knudsen's lead and write the equations of regi
onal groundwater flow in terms of pressure head. 

i+1 

Fig. la. 

q,i-1 

Subdivision of a fresh-water aquifer 
into sub aquifers. 

Consider the aquifer sketched in fig. 1a. Densi
ty is supposed to vary, and the aquifer is subdi
vided into subaquifers, so that in the vertical 
sense, the variation of density in a subaquifer is 
small (i.e. negligible). Note that this approach 
does not exclude the possibility of stepwise 
density changes, such as the interface between 
fresh and salt water near the coast. In the 
single density case, the differential equation for 
the groundwater head would read : 

(1) 
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where T. = transmissivity of the i-th subaquifer 
1 (L2T-l), 

= groundwater head in the middle of the 
i-th subaquifer (L), 

c. 
1 

= hydraulic resistance of the i-th 
subaquifer (T) 
c. = d./k 
ci. = tflic~ness of the i-th subaquifer 

1 (L) 

k. = (vertical) permeability of the 
1 i-th subaquifer (LT- 1), 

S. = storage coefficient (-) of the i-th 
1 sub aquifer, 

Q. = source term (LT -1). 
v1 = 2-dimensional gradient operator (L -1), 
t = time (T). 

Any regional groundwater code should be able to 
solve (1) for all kinds of boundary conditions. 

p 
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Fig. lb. Subdivision of an aquifer containing 
groundwater of varying density. 

Now consider fig. lb, which is exactly the same 
as fig. la, save for the symbols added, which 
mean the following 

-T. = T./p.g (M-1t4T), 
p; = flhlJ pressure in the middle of the 

i-th subaquifer (ML-1T-2), 

c. 
1 

= pigci (ML-1T-2), 

S. = S./p.g (M-1L2T2), 
z~ = d~ptb of the middle of the i-th 

1 subaquifer with regard to some datum 
plane (L), 

P = specific density (ML- 3 ), 
i g = gravitational constant (LT-2). 
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It is shown in the appendix that the differential 
equation for the fluid pressure p, in the middle of 
the i-th subaquifer reads : 

1 

- ilp· -
= s--~ + Q1· 1 at 

(2) 

and this equation is mathematically identical to 
(1). So any computer program which can solve 
the single density case, eq(l), can solve the 
varying density case, eq(2), without adaptions. 
Only the source term Q assumes a more complica
ted form : 

_ Pi-1gdi-1 + Pigdi + Pjgdi + Pj+lgdi+l 

ci-1 + ci Ci + ci+1 
(3) 

All term~ on the right-hand side of (3) being 
known, Q. can be calculated in advance. (Notice 

- 1 that Q. ~ 0. even when Q. = 0, so in the model 
there 1appears a source fn every nodal point, 
consisting of (3) integrated over the area of 
influence of the nodal point.). All that is needed 
is a simple preprocessing program which converts 
the conventional input data into their new coun
terparts. It is convenient, moreover, to have a 
post-processor transforming the computed fluid 
pressures into hydraulic heads. which can be 
compared directly with piezometric observations. 

We conclude this section with two additional 
remarks : 

(1) Depending on the computer program, it may 
be necessary to adapt the boundary condi-

(2) 

tions. The transformation of a constant 
head condition is obvious. The constant 
flux condition transforms according to 

q, = - T. ( Vp. + P.gVz.) 
1 1 1 1 1 

(4) 

(see appendix). 

Some regional groundwater programs distin
guish between aquifers and aquitards. Such 
programs do not calculate the head in the 
middle of the aquitards, and the expressions 
for c. and Q. need to be modified according
ly. The req

1
uired modification should become 

clear from the discussion in the appendix. 

3. NUMERICAL EXAMPLES 

In order to illustrate the method, two examples 
are worked with the USGS groundwater code 
l\10DFLOW (1\lcDONALD & HARBAUGH, 1984). 
Both cases are elementary, with sharp interfaces 
and stagnant salt water, the reason being that 
the authors were not able to derive exact analy
tical solutions for more complex problems invol
ving moving interfaces and gradually varying 
densities. The method still works, of course, in 
such cases. 

The first example concerns a rectangular oceanic 
island with a Ghyben-Herzberg lens. A definition 
sketch is given in fig. 2, and both the analytical 
and the numerical solutions of the hydraulic head 
are shown in the nodes of a rectangular mesh. 
This case was modelled as a two-layer problem. 
The specific input data are added in the figure. 

The second example considers a case where only a 
part of the aquifer is occupied by fresh water 
and salt water simultaneously. 

Fig. 3 shows the situation. Contrary to many 
other groundwater codes, l\lODFLOW does not 
offer a facility to model interrupted layers, so in 
the model both the fresh-water layer and the 
salt-water layer extend over the whole region. 
Where no salt water is present, the salt-water 
layer was chosen to be very thin ( 1 mm) • and 
vice verca. From the table with computed results 
it can be seen that this causes some numerical 
scattering near the tip and the toe of the wedge. 
(Scattering appeared to be absent in a model 
which allows for interrupting layers, OLST
HOORN, 1987.). 
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RECTANGULAR OCEANIC ISLAND 

Jll • 0.001 rw/d 
k • 10 11/d 
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Fig. 2. Test run 1 : RECTANGULAR OCEANIC ISLAND. 

The first quadrant of the grid shows the theoretical lines of equal fresh-water heads. 
The second quadrant gives the thickness of the fresh-water lens in the grid points. 

The third quadrant shows numerical salt-water heads (upper} vs analytical 
salt-water heads (lower} in the grid points. 

The fourth quadrant shows numerical fresh-water heads (upper} vs analytical 
fresh-water heads (lower) in the grid points. 
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k = 

c = 

p1 = 

p3 = 

d1 = 

0 

layer 2 
(fresh) 

10 m/d 

500 d 

p2 = 1000 kgfm3 

1020 kgfm3 

10 m 

500 

d + d = 50 m 
2 3 

x(m) 

o. 
100. 
200. 
300. 
400. 
500. 
600. 
700. 
800. 
900. 

1000. 
1100. 
1200. 

Fresh-water heads (m) 
analytical MODFLOW 

1,41 
1,20 
1,02 
0,85 
0,70 
0,56 
0,44 
0,32 
0,22 

1,41 
1,20 
1,09 
0,90 
0,72 
0,57 
0,43 
0,31 
0,20 

(0,17) 
(0,17) 
(0,18) 
(0,20) 

layer 3 (saline) 

X -1000 

Salt-water heads (m) 
analytical MODFLOW 

0,00 
0,00 
0,00 
0,00 
0,00 
0,00 
0,00 
0,00 
0,00 
0,00 
0,00 

(0,21) 
(0,10) 
0,00 
0,07 
0,04 
0,02 
0,00 

-0,01 
-0,02 
-0,03 
-0,03 
-0,02 
-0,01 

Fig. 3. Test run 2 : SALT WATER WEDGE IN A SEMI-CONFINED AQUIFER. 

The position of the interface is known; fresh-water heads and salt-water heads 
are calculated with MOD FLOW. 
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4. A CASE STUDY 

The immediate cause to implement this method was 
the need for an accurate groundwater model of 
the dune-area catchment of the Amsterdam Water
works. Started as a dune-water plant in the 
middle of the last century, the catchment is now 
essentially an artificial recharge plant (fig. 4). 
Surface water from the river Rhine, transported 
by pipeline, is infiltrated through shallow infil
tration channels and recovered by drainage dit
ches. Due to recent changes in groundwater 
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legislation, the water company is currently in
volved in a licensing procedure. Under normal 
conditions, the infiltration areas 1 to 3 (fig. 4) 
suffice to meet the daily demand for drinking 
water. The areas 4 and 5, being goop for 23 
million m3 per annum, serve as emergency sup
plies. The dune area being of extreme ecological 
importance, the water authority responsible is 
interested in the precise consequences of bringing 
those reserves into use. The dunes south-east of 
the infiltration plant are especially ecologically 
susceptible to changes in the groundwater regime. 

CD®® lnfihnti.....,... 
®® v-.-111111ioo~ 
------· E ........... ~t~~biod 
-·-·- G,.m foo!trollli,. 
···--- o,.i....,..idin..., 
-···-··-· Pijploldlnt 

111 
1':1 
N 
111 

Fig. 4. Catchment area of the Amsterdam Waterworks. 
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Fig. 5. Geohydrological scheme of the catchment area. 

With the North Sea in the immediate vicinity the 
aquifers underneath the dunes contain both fresh 
and salt water, with almost sharp interfaces. It 
became soon apparent that forecasting the accura
cy required could only be attained by correctly 
taking the influences of density differences into 
account. The area was modelled with MODFLOW, 
using the method described in this paper. Fig. 5 
shows the geohydrological scheme. Geohydrologi
cally speaking there are three layers, but the 
method requires a five-layer model in order to 
take the interface between fresh and salt water 
into account. The results are shown in fig. 6. 
Fig. 6a once again shows the topography of the 
model area and fig. 6b displays the computed 
phreatic-groundwater levels. As the depth of the 
layers, the position of the interface and the 
density of salt water are well known in this area, 
calibration and validation of the model were no 

more difficult than usual. This is an important 
advantage of the method : using a single density 
model in a varying density situation usually poses 
major difficulties in the calibration stage. After 
completion an extra run was made without salt 
water. The differences with the former case are 
shown in fig. 6c. Although these differences are 
possibly significant from an ecological point of 
view, it seems (at least in the present case) that 
a single density model can yield acceptable re
sults, provided that the geohydrological charac
teristics of the model area are known in advance 
(!) (i.e. when calibration is not necessary). Yet 
it may be difficult to interpret predictions obtain
ed with a single density model. Fig. 7 shows the 
forcast time-dependent behaviour of the phreatic
water level in a particular piezometer, starting 
from an observed value. The upper line gives 
the outcome of the varying density model while . 
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Fig. 6b. Calculated phreatic-groundwater heads. 
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rL .. . ~ 

1000 I'll 

Fig. 6c. Difference between varying density and 
single density approach (phreatic-groundwater 

heads). 
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the lower line represents the single density 
result. In the latter case the time dependent 
behaviour during the first few months is masked 
by the error originating from neglecting density 
differences. After three months the differences 
between the two models remain constant. This 
effect is particularly misleading when it is re
quired to predict the influences of interventions 
in the groundwater regime. 

5. CONCLUSION 

It is concluded that many regional varying densi
ty problems can be solved correctly with ground
water codes that were written for the single 
density case. The main requirement is that the 
program is able to incorporate more than one 
layer. The technique applies to cases where the 
redistribution of densities is negligible during the 
simulation period. 
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Fig. 7. Calculated head vs time - varying density vs single density. 
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APPENDIX 

This appendix gives the derivation of eqs (2) and 
(3). It is assumed that within a layer, the 
density is essentially constant in the vertical 
sense. (This can usually be achieved by an 
appropriate division into sublayers). We are 
furthermore interested in the case that the distri
bution of density in the subsoil does not change 
appreciably during the simulation period. (This 
is an acceptable assumption in many regional 
groundwater problems). Following the computati
onal scheme of the USGS groundwater code MOD
FLOW we do not distinguish between aquifers and 
aquitards, so our approach is essentially three
dimensional. 

Darcy's law in terms of fluid pressure reads 

IC 

v = (Vp - pgVz) (A1) 

where 

v = specific discharge vector ( L T -1 ) 

= effective velocity I effective porosity, 
K = intrinsic permeability (LZ), 
1.1 = viscosity (ML - 1T-1 ~, 
p = fluid pressure (ML -1T-2), 
p :::: specific density (ML-3), 

g :::: gravitational constant (LT-2), 
z = vertical co-ordinate (L) (positive down

ward), 
V = 3-dimensional gradient operator (L -1). 

(It is noted that the usuiil permeability k (LT-1) 
is related to the intrinsic permeability 1e by k = 
KP g/1.1). The horizontal flux through a (sub)
layer of unit width is given by 

where 

(A2) 

= horizontal flux (L 2T-1), 
= horizontal component of y (LT-1), 
= z-oo-ordinate of top and bottom of the 

(sub)layer, resp. (L). 
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the integral gives eventually 

* * q = - T { Vp(z ) + pgVz } (A3) 

where 

f 
T 

* z 

* p(z ) 

v 

= T/pg, 
= transmissivity of the (sub)layer 

(LZT-1), 

= Cz
1 

+ z
2 

)/2 = z-co-ordinate of the 
centre of the (sub )layer (L), 

= fluid pressure in the centre of the 
(sub )layer (ML -~T-z), 

:::: 2-dimensional(!) gradient operator 
(L -1) • 

In order to siUWlify the expressions to come, we 
shall denote z by z and p(z ) by p in the 
sequel. 

Vertical transport between two (sub )layers is 
approximated by finite differences 

where 

i 
v . 

Z,l 

-c. 
J. 

1 

(A4) 

= number of the (sub)layer, 
= approximate vertical component of the 

specific discharge at the boundary 
between (sub)layer i-1 and (sub)layer 
i (LT- 1), 

= 1/2 l.idi_11ici_1 + 1/21.1d/Ki (ML-2T-l), 
= thickness of {sub )layer i (L). 

The water balance of a (sub)layer is given by 

where 

= S./p.g (M-lLzTz), 
= efasfi.c storage coefficient (-), 
= source term (LT-1). 

(A5) 

Substitution of (A3) and (A4) into (A5) yields 
Substitution of (A1) into (A2) and elaboration of finally 
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with 

- api -= s.- + Q. 
1 at 1 

- Q_j 
Ql· = -- + v. Tipigvzi 

pig 

Pt+1 - Pi 

<ci + ci+1)/2 

_ Pi-1g~-1 + Pigdi/2 + Pfgdi + Pi+1gdi+1/2 

ci-1 + Ci Ci + ci+1 

which are the wanted expressions. 

(A6) 

(A7) 
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