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A coning model for a s emi-infinite reservoir is considered . In t he re 

two fluids are present, each wi t h constant {but possibly different) 

and viscosity. The fluids are separated by a sharp transition zone, an 

interface. A well is present in the top flu id and induces a flo~ in 

reservoir. 

The ke y i dea of our method is that segregated flow can be mode l l ed by 

phase flow when changes in t he flu id properties are replaced by 

A der ivation of the method leads to singular integral equa tions 

the shear flow and normal specific discharge at a point on the interface 

terms of gravity forces and shear flow on the entire interface . 

Two dimensionless quantities, the gravity number G and the mobility 

are necessary t o describe the flow problem. 

A nwnerical procedure is developed to solve the integt·al equations in 

of cylindrical symmetry. 

The work can be considered as an extension of the wo r k of Huskat 

De Josselln de Jong (1960 ... 1981), Haitjema (1977), Dietz (1983) and 

(1983). 

1. The physical descr iption of the problem. 

I n this paper we study t he simultaneous flow of two fluids (e.g. f r e s h 

salt water or water and oil) in a homogeneous and i sotrop ic porous med 

This porous medium is characterised by an absolute one-phase permeabi l ity 

(kabs ) and a poros i ty [~) and represent s a semi -1nfinite reservo i r which 

bounded at t he top by an impermeab l e layer. 



are assumed to be separated by an abrupt transit ion, the 

one (fluid 1) is on top of the other (fluid 2). Each 

density p
1 

and a constant dynamic viscosity 11
1 

(i = 
generally p

1 
~ p

2 
and ~1 ~ f1

2
. 

of the reservoir a well is present. For simplicity we assume that 

is concentrated in a single point. just below the impe rme ab le 

penetration into the reservoir would only mean a 

fluids we further assume that they are incompressible 

has a constant relative permeability k with respect 
r 

1 

. Then fluids and medium are characterised by the mobilities 

i 1, 2 ( 1 . 1) 

of the behavior of the fluid interface when 

through the well takes place. In our computations we ah;ays 

flat (horizontal) position. 

problem. Here Q
1 

is the upper flu id region and Q
2 

1 s 

lower fluid region. r is the interface between the fluids. 

in which the interface between the fluids 

be visualized as the sum of "stacked" circles. 

' occupies the region Q :~ {z < 0} and can be written as 

99 



n n vrvn 
1 2 

where: Q region 
1 

occupied by top fluid ( 1 ) 

n region occupied by bottom fluid (2) 
2 

r = interface between n and Q 
1 2 

Before we present the flow equations, we first write 

i.e. we consider the fluid discharge q as the sum of 

well and a contribution from the actual shape of the 

denote the restriction of q to domain Q
1 

by q
1 

(i ~ 1,2). With this 

we have 

-fluid incompressibility: 

dlv qwell + 2 Q o(O) 

div q = 0 

-boundary condition: 

qr • ez "' 0 

-Darcy's law: 

mlql + Vpl + ~lez = 0 

-interface conditions: 

0 

p
1 

= p
2 

implying (Vp
1

- Vp~) x n 

( ql- q2) • n == 0 

In these expressions we have: 

Q = production rate of the well 

in IR3 

in g \ r 

on an 

in n (1 
! 

0 at r 
at r 

o(OJ Dirac distribution at the origin 

q specific discharge vector 

{z 0} 

1' 2) 

n unit vector normal at the interface pointing into 

m inverse mobility 1/A 
I I 

p fluid pressure .I specific density (p g) 
I 

e unit vector in the positive z-direction 
" 

lOO 

[ 

[ 



chosen the factor 2Q in order to ensure that a constant 

time Q is withdrawn from the lower halfspace (reservo ir). 

1 is situated at the boundary of the flow domain, equations 

in \l '\ r (2. 3') 

boundary condition at the top (2.4) is given in terms of qr 

= 

= 

1,2 and subtracting the result, gives after vector 

- tun/m n x 
av 

m- m 
1 2 

(m+ 
1 

Ill 
2 
)/ 2 

{ql+ q)/ 2 

+ (r - 6 )/m n x e 
1 2 av z 

at r (2.8) q 
~V 

x (q
1

- q
2

) denotes the vorticity induced by the !liability 

at a point of the interface. By (2.7), it is 

interface r. We denote it by ~qt. Note that if we consider 

salt water flow, disregarding the mobility difference, the 

RHS of (8) vanishes and we end up with the well known 

salt water flow. In that case the tangential 

a priori knowledge of the flow field: 

if ~m (2.9) 

case of axiai symmetry we haven x e ~ sin a(r), where 
z 

with the horizontal plane at a 

axis of symmetry. When the interface is horizontal one 

vorticity is present in case of fresh-salt water flow. 

contains the following steps: 

long this interface r a tangential vector field is given. 
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We compute the corresponding veloci ty field in 0
1 

and nl. For t his we 

introduce the streamvector ( or rather streamfunction because of axial 

symmetry) . Because (2.3') holds, we wrlte 

in n 

where we choose ~ such t hat div ~ 0 inn. Substitution into (2. 1) gi ves 

q = q + curl ~ 
well 

As a concequence of (2.3') we have for ~ (see Bruining et al 1990) 

~( r) 1/(4n) J Aq~ /lr-r ' l dS' 

rvr 
lm 

where r = observation point 

S integration surface 

r'= integration variable 

wi th r E Q 

rim = image interface in the upper half space 

Note that in (2.12) the integration takes place over rand its image 

respect to the z = 0 p l ane rlm· This is done to s atisfy the boundary 

condition (2.4 ). Usi ng (2.1 1) and (2.1 2) we compute the average specific 

dischar ge at each point of the interface. 

C. This result is substituted into (2.8), giving an additional condition 

Aqt. As a concequence the resulting specific discharge satisfi es the 

required condi t ions {2 . 1) ... (2.7) . 

Because of axial symmetry this procedure leads to an integral equation 

Aq. A detailed derivation is given in Brulnlng et al (1990). Note that 
l 

Aqt now is a scalar: 

Aq ~ Aq e (e is the unit vec tor in the ~-direction ). 
t t ~ ~ 

The quantity Aql is often called the shearflow. The integral equation 

discretized and solved numerically. 

So far we only considered the problem of finding the discharge 

an interface of given shape. To descr ibe the time evolution of the cone 

first solve the shear f low Aqt along t he interface r. Then we compute 

normal discharge at r and we use the interface motion equation 
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q{r,z,t)/(q)cos(a:{r,t))) (r ,z) Ef 
n o o o o o 

(2 . 13) 

is developed to solve the given equations including 

deal with the singularities and the i nfinite flow domain. 

show the accuracy of this procedure. See Brulning (1990) . 

we g i ve some results of the numerical model for differ ent 

and density diff erences . A dimens i on analysis shows that 

numbers involved. The gravity number G and the 

defined as: 

(3. 1) 

(3.2) 

the impermeable layer and the interface 

rate of the well 

the model we defined a 'reference run'. The data fo r 

in tabel 1. 

1 [0/cP] A 
1 

1.0 

[D/cP] A 
2 

0. 5 

- l q) 0.3 

m 1 h 30 . 0 
e 

original interface 

[kg/m3
] pl 800 . 

[kg/m3
] p2 1000. 

[m3/day) Q 500 

for the reference run. 

computations is shown. Observe that the 

smooth, except close to the well. The data of this 

0.31 and H = 0. 5. 
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Figur e 2. Shape of the cone for the reference run at different t i mes. 

To get an impression of the influence of the two dlmensionless numbers 
and M on the movement of the cone we did runs wl th different M and G 
The specific data for these runs are given in table 2. 

run figure density difference mobility ratio 
no. no. 3 

Ap [kg/m ] M [-) 
1 3 0 1 
2 3 0 0. 5 
3 3 0 2 2 . 0 
4 3 0 2 1. 0 
5 3 0 1/2 1. 0 
6 3 0 1/2 0. 5 
7 4 200 1. 0 
8 4 200 1 0 . 5 
9 4 200 2 2 . 0 
10 4 200 2 1. 0 
11 4 200 1/2 1. 0 
12 4 200 112 0 . 5 

Tabel 2. Specific data for the test runs. 
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density difference. The cones are shown at 

results for the zero density difference runs are shown. 

on the mobility ratio M. This is why runs with the 

cones. Observe that for H=2 (runs 3 & 4) the 

near the origin and can be considered as a long and 

into the fluid 1 region. This is exactly the 

from the Saffman-Taylor (1958) stability theory. We only 

finger and this is caused by our explicit (Euler) way of 

the non-zero density difference runs. Here the 

on the mobility ratio but also on the gravity 

that the cone (above the origin) for run 8 (see table 2) 

where gravity forces are rel~tively 

In the same way the differences between the other runs can be 

can be understood by looking at equation (8) . The 

(8) contains only the mobilities of both fluids . 

on the RHS contains the m and the specific density 
3Y 
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Fi gure 4. Runs for non-zero density di fference. The cones are shown a t 

t :; 20 days. 

4. Practical i mplications . 

The method presented here (vortex theory) can be used to handle flow 

problems for f luids of different viscosities and differ ent density, 

separated by a sharp interface. There ls an advantage f r om 

po int of view. The relevant integral equations r equire only a d i scret i 

of points along the interface and the boundaries of the sys tem as 

to other numerical methods where the whole domain must be di scret ised . 

this respect the me thod rese mb les the boundary element method. 

From the engineering point of view the mode l gives informat i on 

total amount of fluid 1 that can be produced before fluid 2 wi l l br eak 

through (when the interface reaches the well). In figure 5 we have 

the dimens1onless cone height { hd= h/he) versus the dimen·slonless 

cumulative production of fluid 1 (t = Q tl (h 3
<#1)). The ref erence r un da .· 

d e . 
are used.but we used different production rates. Lower production rates 

correspond to proportionally larger gravity numbers. Interesting is to 

that l ower production rates lead to a larger cumulati ve production of fl 

] ()(} 
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f or different values of the production rat e . 

we have performed calculations of td for 

of M and G. The res ul t s can be fo~>d in figure 6 . 

t 1 7 5~ 

ad t ~;~l 15 

12. 

10 

7.5 
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G--. 

production of fluid 1 versus Nand G. 

mode ls are valuable to improve the understanding of complex 
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two. phase flow phenomena such as for- example upconing of different 

(oil/water- or fr-esh/salt water-). The results can also be 

finite element or finite difference simulator-s. 

A method (vortex theory), developed for (sharp interface) salt-fr-esh wa 

flow, can be extended to handle flow problems for fluids with different 

v iscosi ties. 

The ensuing integral equations require only discretizatlon of 

the interface and the boundaries of the system, as opposed to other

numerical methods where the whole domain must be discretized. 

On the other- hand complications arise due to the singular nature 

integrals and due to the fact that the flow domain extends to inf inity. 

r-ender-s the numer-ical processing more tedious. 

Calculations show that for a bottom water- drive much higher cumulative 

production of the upper fluid is possible by lowering the production 

in par-ti.cular when the thus increased gravity number- becomes larger than 

unity. 
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